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Abstract

In this paper we settle a conjecture of Ball that uniform quasiconvexity and uniform
positivity of the second variation are sufficient for a C! extremal to be a strong local
minimizer. Our result holds for a class of variational functionals with a power law
behavior at infinity. The proof is based on the decomposition of an arbitrary variation
of the dependent variable into its purely strong and weak parts. We show that these
two parts act on the functional independently. The action of the weak part can be
described in terms of the second variation, whose uniform positivity prevents the weak
part from decreasing the functional. The strong part “localizes”, i.e. its action can
be represented as a superposition of “Weierstrass needles”, which cannot decrease the
functional either, due to the uniform quasiconvexity conditions.
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1 Introduction

The search for sufficient conditions for a smooth extremal of the variational functional to be
a strong local minimizer is an old problem. It has been solved completely by Weierstrass
for the case of one independent variable and by Hestenes [24] for the case of one dependent
variable (see also [37]). We will refer to these cases as “scalar” variational problems.

Motivated by non-linear elasticity, we are interested in “vectorial” variational problems,
where the unknown function is a vector field. This problem has been extensively studied,
mostly by the methods of field theory (see e.g. [8, 11, 33, 53]). If in the scalar case the
field theory approach yields sufficient conditions for strong local minima that are very close
to the necessary conditions, this is not so in the vectorial case. The reason was pointed out
by Ball in [3]. The field theory uses translations by null-Lagrangians (see e.g. [9, 18, 54]),
and is thus associated with polyconvexity, while Ball’s conjecture [3, Section 6.2] calls for
quasiconvexity-based sufficient conditions.

Among non-field theory approaches we are aware of only two: Levi’s “expansion method”
[34] (see also [41]) and Hestenes’s normalized or directional convergence method [24]. Both
approaches estimate the normalized variation of the functional corresponding to a given strong
variation. As far as we know these methods have not been applied to vectorial problems.! In
[48] Taheri extended Hestenes’s method to treat the problem of L"-local minima and remarked
that the results hold in the vectorial case as well. However, the resulting sufficiency theorem
is based on convexity rather than quasiconvexity, thus leaving Ball’s conjecture open.

In [24] Hestenes mentions that Reid has announced a sufficiency theorem for multiple integrals using
Levi’s expansion method. However, we were not able to find the published version.



Zhang [55] has succeeded in proving the “local” quasiconvexity-based sufficiency theorem
(i.e. a sufficiency theorem that holds for domains that are contained in a sufficiently small
ball). In [21] the authors have proved a quasiconvexity-based sufficiency theorem without
restrictions on the size of the domain, but allowing only those strong variations that have
uniformly bounded gradients. In this paper we prove Ball’s conjecture by extending the
results of [21] to all strong variations. The extension of the analysis of [21] is not always
straightforward, requiring additional uniform continuity of the Lagrangian, as well as the
standard growth conditions. Our result reduces, in the scalar case, to a theorem that is very
close to the classical theorem of Weierstrass. The difference is in the growth and regularity of
the Lagrangian at infinity that we need and that are unnecessary in the Weierstrass theory.

Following both Levi and Hestenes, we consider a normalized variation of the functional,
choosing Levi’s simpler normalization, rather than Hestenes’s more sophisticated one. The
choice of normalization was suggested to us by the joint work (in preparation) of one of
the authors (Y.G.) with Lev Truskinovsky, whose insights played an important role for this
work. Our treatment of the normalized variation of the functional can be regarded as a
refinement of the work of Hestenes [24] and Taheri [48], where convexity in the form of
the Weierstrass condition simplified some aspects of their analysis. We also believe that our
approach is more transparent because it provides an explicit expression for the variation of the
functional corresponding to a given variation of the dependent variable. The Decomposition
Theorem (see [17, 31]) permits us to understand an arbitrary variation as a superposition
of a purely weak variation and a number of “Weierstrass needles”. This approach clarifies
the reason for the sufficiency of strengthened necessary conditions, including quasiconvexity.
Using analytical techniques from [17], we show that the purely weak and strong parts of
the variation act on the Lagrangian independently. We then show that both parts of the
variation contribute a non-negative increment to the functional, the weak part—because of the
positivity of the second variation, the strong part—because of the quasiconvexity conditions.

This strategy has been explained in [21] in a somewhat simplified setting, where the
Lagrangian did not depend on the dependent variable explicitly and where variations were
assumed to have bounded gradients. The goal was to present ideas rather than to prove the
most general results. In this paper we apply the method of [21] to settle Ball’s conjecture
for Lagrangians having power growth at infinity. Even though the analysis in this paper is
largely parallel to the one in [21], we have to deal with quite a few technical issues related
to unbounded gradients of variations and a more general form of the Lagrangian. We do not
assume familiarity with [21] and keep the exposition self-contained.

The requirement of C'-smoothness of extremals is very important. For non-smooth ex-
tremals of Sobolev class WP, our sufficiency theorem is false, as shown in [32, Corollary 7.3]
for quasiconvex integrands and in [47] for polyconvex ones. In fact, when W (F') is discon-
tinuous in F' there is a simpler polyconvex example in [49, Theorem 3.11]. If the gradient
of the extremal vector field has a jump discontinuity then there may be additional necessary
conditions [23, Section 4].

Curiously, there is a dearth of examples of non-global strong local minima. There is even
a uniqueness theorem for strictly quasiconvex functions due to Knops and Stuart [28] (see



also [50]) that states that all smooth enough strong local minimizers in star-shaped domains
with affine Dirichlet boundary conditions must coincide with the affine function determined
by the boundary conditions. There is an example in [40, Section 4] that constructs a truly
local minimizer of class C? in a circular annulus, but their Lagrangian comes from a model of
hyperelasticity and hence, does not satisfy our smoothness assumptions.? In [32], Kristensen
and Taheri modified the example in [40] to make the Lagrangian satisfy the appropriate
growth conditions, but the local minimizers whose existence they prove by a I'-convergence
based argument similar to [29], are not known to be of class C'. Examples of strong local
minimizers that are not global were also given in [29, 51], but the C' smoothness in these
examples is unknown as well. The theorem proved in this paper can change this situation,
as it provides a recipe for verifying whether or not a specific smooth solution of the Fuler-
Lagrange equations is a strong local minimizer. In Section 6 we propose a class of examples,
where both the global and local minimizers are affine functions. We show that the example of
Kohn and Sternberg [29] belongs to this class. Another example of this type will be analyzed
in far greater detail in [22]. In the context of our class of examples there is also a direct way
(unpublished work of Ball and James, see also [4]), based on incompatibility and transition
layer estimate, of proving that the affine functions, alluded to above, are strong local (or even
LP) minimizers.

2 Preliminaries

We consider the class of integral functionals of the form

E(y) = / Wz, y(z), Vy(z))de. 2.1)

where € is a smooth (i.e. C') open and bounded domain in R? and y € C*(Q;R™). The
Lagrangian W : Q x R™ x M — R is assumed to be a continuous function, where M denotes
the space of all m x d matrices. Let 02; be a relatively open subset of 0{2. We consider the
functional E(y) on the set of admissible functions

A={y e C'(UR") : y(x) = g(x), € IN},

where g is of class C' on some open set in R?, containing 0Q;. Obviously, if y € A, then
y(x) = g(x) for all x € 9,. Hence, we may assume, without loss of generality, that 9€2;
is the interior of 09y, relative to 9. We define 99y = 99 \8_(21 Then 025 is a relatively
open subset of 9Q and 9Q = 9Q; U 0Qy. Indeed, if &y € 92\ s, then x, has an open
neighborhood in 02 that does not intersect 9€)s. But then, this neighborhood must belong
to the interior of 9, i.e. to 9.

2In [21] the singularity of the Lagrangian in [40] was overlooked and this example was erroneously claimed
as fitting our theory.



Definition 2.1. We say that yo € A is a weak local minimizer, if there exists an € > 0 such
that E(yo) < E(y) for ally € A that satisfy |yo(x) —y(x)| < € and |Fy(x) — Vy(x)| < € for
all ¢ € ), where

Fy(x) = Vyo(x). (2.2)

Definition 2.2. We say that yo € A is a strong local minimizer, if there exists an € > 0
such that E(yo) < E(y) for all y € A that satisfy |yo(x) — y(x)| < € for all x € Q.

Let B
R = {(yo(z), Fo(z)) : € Q}.

We assume that in addition to continuity of W(x,y, F),

(H1) the partial derivatives of W (x,y, F') of first and second order in (y, F) exist and are
continuous on {2 x O, where O is an open and bounded neighborhood of R in R™ x M.

We do not want to assume that W is globally of class C? to permit applications of our theory
to continuous, piecewise smooth functions W, commonly encountered in the mathematical
theory of composite materials or optimal design, [30].
Let
Var(A) = {¢p € C* (4 R™) : p(x) =0, © € 0 }.

We call Var(A) the space of variations because for any {y1, y2} C A we have y; —ys € Var(A).

Definition 2.3. We say that a sequence {¢,} C Var(A) is a strong variation if ¢, — 0, as
n — 00, uniformly in x € ).

For our purposes it will be convenient to rephrase the definition of strong local minimizers
in terms of strong variations. The function y, € A is a strong local minimizer if and only if
for every strong variation {¢,} there exists N > 0, such that

E(yo + ¢n) > E(yo) (2.3)

for any n > N. The sequence-based formulation of a strong local minimum is equivalent to
Definition 2.2, since the uniform topology of C'(Q; R™) is metrizable.

The assumption (H1) guarantees that if yo(x) € A is a strong (or weak) local minimizer,
then the Euler-Lagrange equation has to be satisfied in the weak form:

/Q{(Wy(w), é(x)) + (Wr(x), Vo(zx))}de = 0 (2.4)

for all ¢ € Var(A), where we use the convention that a single & argument indicates that
the Lagrangian or its derivatives are evaluated at (x,yo(x), Fo(x)). We use the subscript
notation to denote derivatives: W), represents a vector of length m with components OW/dy;
and W represents an m x d matrix of partial derivatives with components 0W/0F;;. The
inner product notation (-, -) refers to the dot product on R? or the Frobenius inner product
(A,B) =Tr (ABT) on M.



If yo(x) satisfies (2.4) then the functional increment AE(¢,) = E(yo + ¢n) — E(yo) can
be written as

AB(,) = NE(@) = [ W (@. ¢u(@). Vo,)dz,
for every strong variation {¢,}, where
Wz, ¢, H) = W(z,yo(x) + ¢, Fo(x) + H) — W(z) — (Wy(x),¢) — (Wr(x), H). (2.5)

Let us define

0, if =0 and H =0,
Ulx, ¢, H) = W(x, ¢, H) — 2°W(x, ¢, H) iherise (2.6)
@] + [H|? ’ ’
where
*W(x, ¢, H) = %((Wyy(w)qb, ®) + 2(Wpy(z)o, H) + (L(z)H, H)) (2.7)

is the second variation integrand, and L(x) = Wgp(x). In (2.7) LH and Wgy¢ are matrices
in M with components

m d m
*W O2W
(LH)kl:ZZﬁsz, (WFy(ﬁ)kl:ZﬁQsz, kzl,...,m, lZl,...,d.

i=1 j=1 K i=1
Hence, following [21], we may represent W*(x, ¢, H) as
W*(x, ¢, H) = Uz, ¢, H)(|¢]* + [H|*) + W (z, $, H).

The assumption (H1) implies that the function U(x, ¢, H) is continuous on € x R™ x M.

Our goal is to study the sign of AE(¢,) for n sufficiently large. The difficulty is that for
a large class of variations the limit of AE({¢,}), as n — oo, is zero. The idea borrowed from
[22] (c.f. [24, 34, 48]) is to consider the limiting values of the normalized increment

FE({¢}) = lim 2 EP0)

oo [[Pnllfs

Here we use the standard notation

1/p
@llp = (lBl2+ IV, Nl = (/Q |¢!pdw) :

for the norms in the Sobolev and Lebesgue spaces WP and LP, respectively, for all p > 1.
Let oy, = ||@nll12 and 9, (x) = ¢ (x) /.. We think of «,, as the “size” of the variation
and 1, as its “shape”. Then

0'E({¢n}) = lim ) {U(@, 0ntpn, 0 Vo) (|90 + (Vo) + W (@, 2, Vi) } daz. (2.8)

n—oo
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It will be convenient to use a more compact notation

FE($)) = lm [ Fla,an u(@), Vipo(a))de, (2.9)
n—oo J N
where
Fla,a,p,G) = L @00C) o 0@ (9l + G + W (2, $.G).  (2.10)

a2

The quantity &' E({¢,}) is essentially the quantity studied by Levi [34]. Hestenes [24] (see
also [48]) considered a more sophisticated normalization, namely
AE(¢n)

lim ———=

oo R(V,,)
where

R = [ {VIFTF@E -1} e

The normalization R(V¢,) has the advantage of being quadratic in V¢, where Vo, is
small, while having linear growth at infinity, in contrast to our normalization ||@y||7, that is
quadratic both at zero and at infinity.

3 Conditions at infinity

The most salient feature of strong variations is a complete absence of any control on the
behavior of V¢,,. It is easy to produce a strong variation whose gradients form an unbounded
sequence in any of the LP spaces. For this reason we will need to specify the constraints on
the behavior of W(x,y, F') as |F| — oo, so that the approach of [21] can be made to work.
Observe that for the purposes of studying strong variations yo — yo + ¢, we may restrict the
variable y to a compact subset of R™. For this reason, we do not need to require any growth
or regularity of W (x,y, F') when |y| — oc.

3.1 Regularity at infinity
Let X, be the space of continuous functions W (zx, y, F') satisfying

(W(z,y, F)| < C(y)(1+|F]), (3.1)
for all x € Q, y € R™ and F € M, where C(y) > 0 is a locally bounded® function that

depends on W. The countable set of separating semi-norms

F
PP (W) = sup max max Wiz, y, F)

, =1,2,... 3.2
FeM lyl<n zeq 1+ ]F]P (3.2)

3i.e. bounded on any compact subset of R™.



makes X, a metrizable (but not normable) locally convex topological vector space (see [42]).
Convergence of W,, to W in &), is equivalent to the uniform convergence of W,, /(1 + |F'|?) to
W/(1+|F?) on  x K x M for any compact K C R™.

Let £, be a subspace in X, that consists of all continuously differentiable* functions
W € X, that, for all x € 2, y € R™ and F' € M, satisfy

(Wr(z,y, F)l < Cly)1+ [FI"™Y),  [Wy(z,y, F)| < Cy)(1+|FI"), (3-3)

where the function C'(y) > 0 is locally bounded.® The second inequality in (3.3) is not a
consequence of the first one and (3.1). Indeed,

W = |F|Psin (|y|2ln(1 + |F|2)) . p>1,

is continuously differentiable and satisfies both (3.1) and (3.3);. However, (3.3), is false. In
this paper we assume that

(H2) p > 2 and W € L, where the closure is taken in the topology of X,

THEOREM 3.1. The space L, consists of all functions W € X, that enjoy the following
uniform continuity property. For every r > 0 and € > 0 there exists & > 0 so that for every
e {y,y} CR" and {F,F'} C M, such that |y| <r, || <r, [y —y'| < and

[F — F|

——— <0,
1+ |F|+ |F'|

we have
Wy F) Wy, F)
[EATITEERT I
The proof is given in Appendix A. Theorem 3.1 implies that W (F) = |F|F sin(|F'|?) belongs
to &, but not to E_p. As a practical matter, in order to prove that W € E_p, it may be more
convenient to verify (3.3), if W € C*(Q x R™ x M). Theorem 3.1 also implies that if the

function W (x,y, F) is just continuous and satisfies

. W(x,y, F)
lim ——2—~ =

uniformly on compact subsets of Q x R™, then W € L,. Another helpful observation is that
L, is an algebra with respect to the multiplication®

WiWy

Wl*pWQZTW

4Everywhere in this paper continuous differentiability means that derivatives in y and F exist and are
continuous functions on € x R™ x M.

SWe will use the same notation C(y) for different locally bounded functions. All constants and locally
bounded functions depend on W here and elsewhere in the paper, unless explicitly stated otherwise.

6Tt is just the usual multiplication of normalized functions W/(1 + |F|P).



and the usual vector space structure. Therefore, the function W (F) = |F[? +|F|P~! sin(|F|?)
belongs to £, but not to £,. We remark that if W = W(F) € X, is assumed to be globally
quasiconvex (a condition we do not impose in this paper), then W must necessarily belong
to £,, [35, formula (2.9)] (see also [19, p. 120, formula (7)]).

We will use the following simple consequence of the definition of L,,.

LEMMA 3.2. Suppose that W € L,, and satisfies condition (H1). Then
(W (@, @1, Hi) — W (@, ¢, Hy)| < C@1, 92)(Ap1|[Hy — Ho| + Ap[dp1 — o), (3.4)
where W* is given by (2.5), C(¢1, ¢2) is locally bounded on R*™ and
Ap = Ap(P1, Hy, 2, Hy) = || + [f2| + [H| + |Ho| + [Hy|" + [Ho|".
The proof of the lemma is based on the following simple bounding device.

LEMMA 3.3. Suppose f € C(RY). Suppose that by and by, are non-negative continuous
functions on RN and are such that |f(a)] < bo(a), when |a| is sufficiently small, while
|f(a)|] < bs(a), when |a| is sufficiently large. Assume also that by(a) and bs(a) do not
vanish anywhere on RN \ {0}. Then there exists a constant C' > 0, such that

[f(a)] < C(bo(a) + boo(a))
for all a € RY.
Proof of Lemma 3.2. By Lagrange’s mean value theorem
W*(é1, Hy) — W7 (2, Hy) = (Wg(€,m), b1 — ¢2) + (Wg(€,m), Hi — Ha),
where the explicit dependence on & has been suppressed and
E=tp1+ (1 —1)po, n=tH, + (1 —t)H,,
for some t € [0, 1] that depends on ¢y, ¢o, Hy, Hy and x. According to (3.3), we have

(Wi, <CEA+nP), W& <CEA+nlP).

If (§,m) is small then there exists a constant Cy such that [Wg(&,n)| < Co(|€] + [n]), since
W* is quadratic at (0,0). If (&, ) is large enough then |n|P 4 2|&| > 1. But then 1+ |n|P <
2(|€| + n|") and

(We(&,m)| < C(E)A + nf”) < 2C(&)(I€] + [nl")-

Hence, for all £ and 1 we have, using Lemma 3.3,
(W& m)| < CE) (€] + Inl + [nl°).

Similarly,
(W& m)| < CEE]+ nl + nf~).
Finally, we observe that

€] + 0| + n|” < Ap(@1, Hy, o, Hy),
which finishes the proof of the lemma. [l



Remark 3.4. If C(&) is a locally bounded function then there exists a continuous function

Co(&) such that C(&) < Cy(§).

Proof. Let
m(r) = max C(§).
(r) = maxC'(g)
Then m(r) is a non-decreasing function. Let M (r) be a continuous, piecewise linear function
interpolating the values M (n) = m(n+1), n =0,1,.... Then, M(r) is also a non-decreasing
function and if n <r <n+ 1, then M(r) > M(n) =m(n+ 1) > m(r). Let Cy(&) = M(|€]).
Then Cy(&) is continuous and Cy(&) = M(|&€]) > m(|€]) > C(&). O

Remark 3.4 could be applied to the argument in the proof of Lemma 3.2 that formally
requires that the function C'(€) be continuous. It will also be useful to us later on.

In view of our growth conditions (H2), we find it convenient to rewrite the integrand
F(zx,a,,G) in the expression (2.9) for &' E(¢,) in terms of the bounded (if ¢ is bounded)

and continuous function

Ulx,¢, H) Wz, ¢, H) - *W(x,¢, H)

B @)= T mp = ep + P+ HP ) (39
Fla,a,%,G) = B@,a¢,aG)d(a, 9, G) + 8°W (z, 3, G), (3.6)

where
B, G) = (1 + oG ) ([l + GP). (3.7)

LEMMA 3.5. Suppose W € X, satisfies (H1). Then there exists a locally bounded function
C(¢) such that for all (x, ¢, H) € Q x R™ x M

|B(z, ¢, H)| < C(¢). (3.8)
Proof. The growth condition (3.1) implies that
(W (=, ¢, H)| < C(9)(1+ [HI" + [H])
If either || or |H| is large then
L+ [H| < ¢ + |HP.

Thus,
L+ [HP + [H| < (1+ [H[")(|¢]* + [HP).

Condition (H1) implies that if |¢| and |H| are sufficiently small there exists a constant Cj
such that
(W (z, ¢, H)| < Co(|of* + [H|?).

Lemma 3.3 then implies that

W (. ¢, H)| < C(¢)(1+ [H["*)(|o]* + |HI) (3.9)
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for all (z,¢, H) € Q x R™ x M and possibly different locally bounded function C'(¢) > 0.
Finally observe that for all (z,¢, H) € Q x R™ x M we have

|6°W (2, ¢, H)| < C(|9]” + |H|*) < C(||” + [H[*)(1 + [H|"™?)

for some constant C' > 0. The estimate (3.8) follows from the definition (3.5) of B(x, ¢, H).
[l

Corollary 3.6. The estimate (3.8) or, even better, (3.9) implies that
|F(x,a, v, G)| < Clar))P(a, v, G), (3.10)
for some locally bounded function C(¢), where ® is given by (3.7).

LEMMA 3.7 (Approximation Lemma). Suppose W satisfies hypotheses (H1) and (H2). Then
there exists a sequence {W,} C L, such that W,, — W in X,, as n — oo, W,, = W on an
open neighborhood of R and B, — B in Xy, where B, is given by (3.5) with W replaced by
W,.

Proof. Let W, € L, be such that W, — W in X,. Let R, = R + B(0,n), where B(xo,r)
denotes Euclidean ball of radius r, centered at xy. There exists n > 0 such that R, C O
(the open neighborhood of R where W is twice continuously differentiable in the sense of
footnote 4 on page 8). Let p(y, F') be a smooth function which is equal to 0 on R,/ and 1
on the complement of @. Then the functions

Wo(z,y,F) = p(y, F)W,(z,y, F) + (1 — p(y, F))W(z,y, F)

are continuously differentiable and belong to £,, for each n > 1. We also have W = W,, on
QA xRy and W, — W in X,.

Let B, be given by (3.5) with W replaced by W,,. Let us show that B, — B in Aj. If
(¢, H)| < n/2, then we have B,(x,¢, H) = B(x, ¢, H) for all x € Q. If |(¢, H)| > n/2,
then we have

i|Wn(w7¢7 H) —W\<$,¢,H)|
772 1+ ‘H‘P ’

‘Bn(wa¢>H) - B($>¢7H)| S
where

/Wn(ma¢a H) = Wn(m,y0($)+¢,F0($)+H), (w ¢7 ) (m yO( )+¢,F0($)+H)
For any N > 0 we have A
Pr(Ba = B) < PR (W = W),

where PR (W), N = 1,2,...is a famlly of semi-norms defined by (3.2). This finishes the
proof of the lemma, since clearly, W, (x, ¢, H) converges to W(a: ¢, H) in &, O

11



3.2 Coercivity

In addition to growth and regularity conditions we impose coercivity conditions. At the very
least we need that W be bounded from below and that

/QW(fB, y(@), Vy(a))de > c3(r)|[yll7, — e (r), (3.11)
for all y € A such that |y(x)| < r for all € Q. The functions ¢;(r) > 0 and co(r) > 0 are

required to be locally bounded. Unfortunately, this is not quite enough for our purposes.

(H3) We assume that W is bounded from below. If p = 2, we assume that (3.11) is satisfied.
If p > 2, we require that for every ¢ € Var(A), ||@|lcc <7

/QW*(«”B, o(x), Vo(z))dz > ci(r)] @I}, — e2(r) @11 (3.12)

for some locally bounded ¢;(r) > 0 and c3(r) > 0, where W* is given by (2.5).
Clearly, (3.12) implies (3.11), if p > 2. If W = W/(F") and satisfies
W(F) Z Cl|F|p — Cy (313)

for all F € M and some positive constants ¢; and ¢y, then (3.12) will always be satisfied.
Let us show that (3.12) can be satisfied even if W does not satisfy (3.13) (the implication
(3.13)=(3.12) is proved along the same lines). Suppose that d = m, §2 is connected and
00 # 0. Assume that
W = W(F) Z Cl|Fsym|p — Co, (314)

where Fy,,, = (F + F")/2 is the symmetric part of the d x d matrix F. If p = 2 then Korn’s
inequality followed by the Poincaré inequality implies (3.11).
Assume that p > 2. It is easy to show that

WH(H) = e1|Hygn|" — ¢ — 3| H]

for all H and some constants ¢; > 0, j = 1,2,3. Since W;(0) = 0, the boundedness of W
from below implies that
W*(H) > —c|H|?

for all H and some constant ¢ > 0. Thus, when |H| > 1,
WH(H) > 1| Hyu|” — co| H|* — cs| HP?,
while, when |H| < 1, we have |Hgynw| < |H| < 1 and
W*(H) = —c|H[* > [Hyn|* — (c+ D|H|* 2 |Hym|" — (¢ + 1) H|".

It follows that
W*(H) > 1|Hyyn|? — 2| H|? (3.15)
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for all H, 8; = min{1, ¢;} and (5 = max{cs + c3,c¢ + 1}. The inequality (3.12) follows from
the generalization of Korn’s inequality to L? (see e.g. [52]).

We conclude this section with a remark of Carathéodory [9]. If W € E_p, then enlarging
the set of admissible functions to

A={y e WP(Q:R™) NCELR™): y(z) = g(x), = € 00}

does not change the notions of strong or weak local minima. This is because A is dense in
A in the topology generated by the norm ||Vy||, + ||y|/c and the functional E(y) is finite
and continuous on A with respect to the above topology. We will use this remark freely, by
comparing F(yo) to E(y) with y € A without appealing to the density argument above every
time we need this.

4 Necessary conditions

Here for the sake of completeness we recall the well-known necessary conditions for yo € A
to be a strong local minimizer.

(i) The weak form of the Euler-Lagrange equation (2.4).

(ii) Non-negativity of the second variation:

S’ E(¢p) = /Qa?W(m,qz)(m),v(p(m))dm >0, (4.1)

for all ¢ € Var(A).

(iii) Quasiconvexity conditions. Following [22], we introduce the function
We(x,H) =W"(x,0,H),
which is related to the Weierstrass £-function
We(x, H) = E(x, yo(x), Fo(x), Fy(x) + H).

(a) Quasiconvexity in the interior [1, 36]. For every xy € Q

/ We(xy, Vo)dx > 0, (4.2)
B

for all ¢ € C°(B;R™) (and therefore for all zy € Q and all ¢ € W, (B;R™),
provided W is bounded from below and satisfies (3.1), [7, Proposition 2.4(i)]).
Here and below B denotes the open unit ball in R
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(b) Quasiconvexity on the free boundary [6]. Let @y € 0€3. Then

W (2o, Véb)da > 0, (4.3)
B, (@)

for all ¢ € Vi (a,), Where
Vo ={¢p € C®(B;;R™): ¢p(x) =0o0n 0BNB;} (4.4)

and n(xy) is the outer unit normal to 02 at &y € 9. Here B,, is the half of the
unit ball B that lies in the half-space {z € R?: (2,n) < 0}.

Condition (4.2) is a multi-dimensional version of the Weierstrass positivity condition, and
reduces to it, when d = 1. The quasiconvexity at the points on the free boundary, (4.3),
introduced in [6], follows from (4.2), when d = 1 or m = 1, but represents a genuinely new
condition for vector fields.

5 Sufficient conditions

In addition to the strengthened necessary conditions, our sufficiency theorem also requires a
uniform continuity condition.

(UC) For every € > 0 there exists 6 > 0 so that for every H € M and {z/, 2"} C Q, such that
|’ — x| < 0, we have
(W', yo(x'), Fo(x') + H) — W(x", yo(a"), Fo(z") + H)|
1+ [H|P

< €.

It is possible to “hide” this condition by imposing an extra regularity on W:

(H4) For every r > 0 and € > 0 there exists § > 0 so that for every F' € M, [y| < r and
{z/, 2"} C Q, such that |’ — x”| < J, we have
|W(£B/7y,F) B W(mﬁayaF)|
1+ |F|p

< €.

If W satisfies (H2) and (H4) then every y € C*(Q; R™) will satisfy (UC). The function
W(z,y, F) = |F[|y|*sin(jz[* In(1 + | F[*))

belongs to £,, but does not satisfy (H4). However, the extremal y, = 0 satisfies (UC). Yet,
in a sense, conditions (UC) and (H4) are not that far apart. If W = W (=, F) € L,, then
(UC) is equivalent to (H4). Condition (UC) is not a consequence of other conditions because
the extremal yo = 0 for the £, function W (zx, F') = |F|? sin(|z|* In(1+ | F|?)) does not satisfy
(UC).
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THEOREM 5.1. Assume that W satisfies conditions (H1)-(H3). Suppose that yo € A is such
that

(i) The weak form of the Euler-Lagrange equation (2.4) is satisfied,

and for some (3 > 0

(i)

E(p) > Gllelli (5.1)

for all ¢ € Var(A);

(iii) (a) for all ¢y €
W@ Vla)de > 5IVel: (52)

for all ¢ € C°(B;R™);
(b) for all Ty € 00y,
[ WG Vo(e)e 2 070l 53)
n(zq)

for all ¢ € Vi(ay), where Vi, is given by (4.4);
(v) yo satisfies the uniform continuity condition (UC).
Then yq is a strong local minimizer of the functional E(y).

It may seem that conditions (i7) and (ii7) are stronger than their classical counterparts in
the d = 1 case (see e.g. [25]). However, for the class of Lagrangians satisfying (H2) and (H3)
the Weierstrass sufficient condition coincides with (7ii)(a) and strict positivity of the second
variation coincides with (i), at least when 9€; N9y = () (see [45]). Theorem 5.1 is a simple
corollary of Theorem 5.2 below (as in [21]).

THEOREM 5.2. Assume that the Lagrangian W is as in Theorem 5.1. Let yo € C1(€; R™)
satisfy the necessary conditions (4.1)-(4.3) and the uniform continuity condition (UC). Then
Y E({¢pn}) >0 for any non-zero strong variation {¢,}.

Proof of Theorem 5.1. Let W =W — 3(|F|* + |y|?). Then
52W,3(m7¢7H) = (52W(CB, ¢7 H) - ﬁ(|H|2 + |¢|2)7 Wg(mrH—) = Wo(ma H) - ﬁ|‘E[|2

Also, yo(x) satisfies (UC) for W if and only if it satisfies (UC) for Wjs. We note that the
C! function yo in Theorem 5.2 is not required to satisfy the Euler-Lagrange equation, nor
is it required to belong to A. Hence, if yo(x) satisfies conditions of Theorem 5.1 then it
also satisfies conditions of Theorem 5.2 with W replaced by Wjs. Applying Theorem 5.2 to
W, results in ¢’ Eg({¢,}) > 0. We also observe that 6'Es({¢p,}) = ' E({¢n}) — . Thus,

I'E({pn}) = 0'Es({dn}) + 5> 5. a
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The proof of Theorem 5.2 follows the strategy developed in [21]. In Section 7 we use the
coercivity condition (H3) to reduce the problem to WP local minima (see e.g. [3, 48] for
a definition). From that point on the coercivity condition (3.12) (or (3.11), if p = 2) is no
longer needed. In Section 8 we split the variation into the weak and the strong parts. In
Section 9 we show that the two parts act on the functional independently. In Section 10 we
use representation formulas to understand the action of the weak and the strong part of the
variation on the Lagrangian. In Section 11 we prove the localization principle that enables
us to link the action of the strong parts of the variation to the quasiconvexity conditions. In
Section 12, we recap the argument in [21] that shows how the necessary conditions (4.1)—(4.3)
imply the non-negativity of o' E({¢,}).

6 A class of examples

As an application of our sufficiency theorem we propose the following class of examples.
Assume that 0Qy = 9 (i.e. the whole boundary of € is free) and suppose that the function
W = W(F), satisfying our growth and regularity conditions, has a local minimum Fj in
addition to the global minimum Fy, with W (Fy) > W (Fp). Assume further that the Hessian
Wgr(Fy) is strictly positive definite. If Fy satisfies (5.3), for every unit vector n and all
¢ € V,,, then F also satisfies (5.2) and, according to Theorem 5.1, y(x) = Fix is a strong
local minimizer, which is not a global minimizer. We prove (5.3) by finding quadratic forms
Qn(H), such that for every H € M and any unit vector n we have

We(H)=W(F,+H)—-W(F)— Wgp(F),H) > Qn(H).

Proving (5.3) for Qn,(H) is a feasible problem (see e.g. [44, Proposition 20.6.5] and [45]).
Below we give an example of W that shows that the situation described above is possible.
Another example will be considered in [22]. Curiously, this construction is impossible in the
scalar case, since the Weierstrass necessary condition for y(x) = Fiax reduces to W(F;) <
W (F) for all F.

Let m=d > 2 and

1
W(F) = 4—d\F—I]2|F+I|2+)\TrF, (6.1)

where I is the d x d identity matrix. This example was considered in [29], where Kohn
and Sternberg proved that there are non-trivial strong (even L") local minimizers “near”
F = +1, when ) is sufficiently small. Also Ball and James (see [5]) have a way of using the
incompatibility of gradients (here the gradients of the two global minimizers are £1 at A = 0)
and a transition layer estimate, to prove that the non-global local minimum of W (F') is the
gradient of a homogeneous local minimizer in L', when )\ is sufficiently small. Below we use
Theorem 5.1 to exhibit Kohn-Sternberg local minimizers explicitly, when A is not necessarily
small.

Our theory applies to W because it is of class C*° and satisfies (3.3) and (3.13) with p = 4.
The equation Wg(F') = 0 shows that the local minima of W must have the form F = fI,
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where the real numbers f satisfy the cubic equation
fP=f+r=0. (6.2)

This equation has exactly 3 real roots provided A lies between the local minimum and the local
maximum of f—f3, i.e. when |\| < 2/3+/3. In that case, the largest and the smallest roots give
the local minima, while the middle root corresponds to the saddle point of W (F'). The largest
and the smallest roots always lie outside of the interval [—1/4/3,1/v/3]. If A € (0,2/3/3)
then the largest root gives the global minimum. If A € (—2/3+/3,0) then it is the smallest
root that gives the global minimum.

To verify (5.1) we compute

(Wer(F1)&,€) = (f + DIEP + (7~ 1)(Tre)”

Recall that d|€]? > (Tr€)? for any d X d matrix €. Then

1
(Wrr(f1)§,€) = 3(3102 —1)(Tré)* > 0
because 3f2 > 1 for the largest and the smallest root of (6.2). If Tr& = 0, then

(Wer(fI)€,6) = (f>+1)|€° > 0,

provided &€ # 0. Hence, (5.1) is satisfied.
It remains to verify (5.3). We have

2 2
Wolao, Vo) = LIVel + Lvely o+ T vep s Tl gy
Let )
day) =T+ Ly
Then 21
W2 Vo) = a(| Vo V- ¢) + LI vgp + Lt v g2
It is easy to verify that
f2
q(z,y) > —E?J

Hence, ) ,

We(ao, Vo) > T vgp - 8

d

Next, we use [44, Proposition 20.6.5] (see also [45]) that we state here for the reader’s conve-
nience.
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THEOREM 6.1. Let Q(H) = (A\—p)(Tr H)? + p|H|* + (u+p)Tr (H?). Let H be a half space
H={x € R (x,n) < 0}. Then

/ Q(Ve)dx >0
H
for all ¢ € C(RERY) if and only if

20(\
L0, A+2u>0,  —op<p< AT

6.3
A+ 3u (6.3)

The result of the theorem is independent of  in the definition of the half-space H because
the quadratic form Q(H) is isotropic. Clearly, if all the inequalities in (6.3) are strict then
there exists 6 > 0 such that

/Q(Vcb)da: Zﬁ/ V|’ da
H H

for all ¢ € C°(R% RY). Applying this corollary of Theorem 6.1 to

f2+1 1

QH) = ——|H — 5(Tr H)’

we conclude that (5.3) is satisfied, whenever f? > 3/d — 1. Hence, the application of Theo-
rem 5.1 results in

THEOREM 6.2. Let A € (—2/3/3,2/3v/3) \ {0}. Let fi()\) be the root of (6.2) such that
If1(\)| > 1. Let fo(N\) be a different root of (6.2) such that | fo(\)| > 1/v/3. Then, if d > 3,
the function y,(x) = f1(N)x, is the global minimizer of E(y) corresponding to (6.1), and the
function yo(x) = fo(N)@ is a strong local minimizer with E(fix) < E(fox). If d = 2, then
the statement is valid at least for all X € (—1/2+/2,1/2v/2) \ {0}.

7 Reduction to the problem of W!”-local minima

First, observe that the coercivity condition (3.11) implies that a strong variation whose gra-
dients are unbounded in L”, has the property that

lim AE(¢,) = +oc.

n—oo

Hence, ¢’ E({¢,}) > 0. Thus, we may restrict our attention only to variations {¢, } for which
¢, — 0, as n — oo, in the weak topology of W1». Notice that

= [[@nlliz < @I | Pullip = Bas

and hence, the sequence «,, is bounded as well. Thus, without loss of generality, a,, — ag <
+00, as n — 0.
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Let us first consider the case, ag > 0. We have
n—oo J n—oo J O

where QW (x,y, F') is the quasiconvexification of W (x,y, F') in the F variable for fixed
(z,y), [10]. The boundedness from below of W and the growth condition (3.1) imply, via a
result of Marcellini [35]7, that the functional

é / QW (@, b, Veb)da
Q

is WP sequentially-weak lower semicontinuous, and thus,
lim [ QW(x,yo(x) + ¢u(x), Fo(x) + Vo (x))dw > / QW (x,yo(x), Fo(x))dx.
n—oo J O Q

Finally, the quasiconvexity condition (4.2) can be stated as

QW (z,yo(z), Fo(x)) = W(x, yo(x), Fo(x))

for every x € Q (see [26]). Thus,
0 n—oo

Therefore, we should restrict our attention to the case a,, — 0, as n — oo. Suppose that
p > 2. The coercivity assumption (3.12) implies that
: S/
OE({¢n}) > a1 lim — — ¢y,

n—oo

Thus, we need to consider only those strong variations {¢,} for which

P
W 0n = 0 =0 i e =T e (71

If p = 2, then o, = B, and (7.1) is trivially satisfied with v = 1. We remark that the
coercivity condition (H3) was only needed to reduce the problem of strong local minima to
the problem of W'?-local minima, or more precisely, to (7.1).

“see Remark 3.4
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8 The Decomposition Theorem

The heart of our analysis is the Decomposition Theorem 8.1 (see also [17, 31]). We use it to
split the strong variation ¢, into the strong and the weak part and then show that the two
parts act independently. Here we have to deal with two different “size-shape” representations:
in addition to the representation ¢, = a,1,, that is relevant on the set where V¢,, is small
(see [21]), we also have the representation ¢, = 3,(,. The latter representation is relevant
on sets where V¢, is large and where the behavior of W at infinity comes into play.

At the first glance it seems that we would have to choose whether to apply the Decompo-
sition Lemma of [17] to the sequence %, that is bounded in W12, or to the sequence ,, that
is bounded in W, We will see that the decomposition rule in the Decomposition Lemma
in [17] does not depend on p, and thus, the relation ¢, = r,%, between the two “shapes” 1,
and ¢, carries over to their respective decompositions. Here r, = o, /3, < 1.

THEOREM 8.1 (Decomposition Theorem). Suppose that the sequence of functions v, €
Var(A) is bounded in WH2(Q;R™) and the sequence r, € (0,1] is such that ¢, = T, is
bounded in WHP(; R™), p > 2. We also assume that 7, = 1, if p = 2. Suppose the sequence
a, > 0 is such that a,, — 0 and a, ¥, (x) — 0, as n — oo, uniformly in x € 2. Then there
exist a subsequence n(j), sequences of functions z; and v; in WH=(Q;R™), and subsets R;
of Q such that

(a) Yn)(x) = 2;(2) + vj(2);
(b) for all x € Q\ R; we have z;(x) = P, (x) and Vz;(x) = Vb, (x);
(¢) the sequence {|z;|* + |Vz;*} is equi-integrable;
(d) v; = 0 weakly in WH(Q; R™);
(e) |Rj| — 0 asj— oo;
(f) anyzi(x) — 0 and anyv;(x) — 0 uniformly in x € Q, as j — oo.
(9) zj(x) =v;j(x) =0 for all x € 0.

Let tj(x) = ruyvi(x) and s;(x) = ry;y25(x). Then
(@) Cugy () = 55(x) + t5(x);
(b') for all x € Q\ R; we have s;(x) = Cu(j)(x) and Vs;(x) = V) (x);
(¢)
(d) t; = 0 weakly in WP(Q; R™).

the sequence {|s;|P + |Vs;|P} is equi-integrable;
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We will refer to au,(;)z; as the weak part of the variation {¢,} and to a,,;v; as the strong
part. The statements (a)—(e) constitute the standard Decomposition Lemma of Fonseca,
Miiller and Pedregal [17]. We will repeat a part of the arguments in [17] both for the sake of
completeness and because we will need it to prove the remaining statements in the theorem.

Proof. Step 1. The proof of the Decomposition Theorem is based on the following property
of Sobolev functions (see [17, Lemma 4.1]).

LEMMA 8.2. Suppose ¥ € WIYP(R%R™). Then vp(x) is Lipschitz continuous on {x €
Re: (M|V|)(x) < A} with Lipschitz constant L\, where L depends only on the dimension
d.

Here M is the maximal function operator

r>0

1
() (@) = sup s | . In(@la

for any locally integrable function h. The proof of Lemma 8.2 is given in [14, p. 253, Claim #2].
For us it is the bound on the Lipschitz constant that is the essential content of Lemma 8.2.

The use of maximal functions requires us to extend 1, and ¢, from Q to all of R%. Let
us recall the construction of the extension operator

X WhHP(Q;R™) — WHP(RY R™)

for a C' domain Q, [20, Theorem 7.25]. First, if the domain  is a half-space z4 > 0, we

define
u(x), if 24 > 0,
Xo’u, = .
u(x', —xq) if x4 <0,
where ' = (11,...,24_1). For a general C'!' domain (Q there exist a finite collection of open

sets Q;, 7 = 1,..., N that cover 92, and the corresponding C* diffeomorphisms ¥, : Q; — B,
such that W,(£; N Q) = BT and ¥;(Q; N 9Q) = 0BT N B, [20, Section 6.2], where B is the
unit ball in R? and BY = {x € B : x4 > 0}. Let an open set )y be such that Q, C
and g, Qy,...,Qy is a cover of Q. Let n; € C(2;), 7 = 0,1,..., N be the corresponding
decomposition of unity. Then

N
Xu = uny + ZXO[(nju) o \Il]’l] oW,

J=1

It is easy to see that
N
[ Xu]| oo ey < (ZHmHoo) [l zoe )
j=0
for any u € L*(2;R™), and
||Xu||Wl,p(Rd;Rm) < CHU’”WLP(Q;R"L), (81)
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for any w € W'?(Q; R™), where the constant C' depends on N, ¥; and n;, but not on p.
An important consequence of the construction of the extension operator X above is that
the relation {,(x) = r,1,(x) that holds for all € Q will also hold for the extensions X,
and X(,, since X is one and the same linear operator for all p. For this reason, we will not
distinguish notationally between ,, and Xb,, (or ¢, and X¢,).
Step 2. For a > 0 consider the truncation map 7, : R — R given by

s, if |s| < @

Tu(s) = as .
—, if |s| > a.
||

Let go(x) = |[Cu(x)| + |[VCn(x)|. We claim that it is possible to extract a subsequence,
n(k), such that [T, (M gnr))|? is equi-integrable. Similarly, considering the sequence hy(x) =
[P0y ()| + [ViPor) ()|, we can extract a further subsequence, k(j), such that |T;(Mhy;))|?
is equi-integrable. Here, in a slight abuse of notation, we wrote n(j) instead of n(k(j)). The
proof of the above assertion can be found in [17, Section 4]. We repeat it here for the sake of
completeness. We first observe that the sequence {Mg,} is bounded in L”, because {(,} is
bounded in W, see [46]. We may then extract a subsequence, not relabeled, so that {Mg,}
generates the Young measure 7, with integrable p-th moment, [2] (see also [39, Chapter 6]):

my(x) = /000 sPdng(s) € L'(RY). (8.2)

The functions Tk(s) are bounded and continuous for each k£ > 0. Therefore, for every b €
L>(R%) we have, via the Young measure representation theorem, [39, Theorem 6.2],

lim [ b(@)|Te(Mgn)|Pdw — / b() < / ]Tk(s)|pdnm(s)> d. (8.3)
=0 JRd Rd 0
The sequence of non-negative functions 7}(s) is monotone increasing on [0, +00). Therefore,

for a.e. x € R?
o0

lim [ |Ti(s)[Pdne(s) = my().

k—oo

We also have |Ty(s)| < |s|. Therefore, due to (8.2), by the Lebesgue dominated convergence
theorem we obtain

lim lim | b(@)|To( M) [Pde — / b(@)m, (z)da.

k—o0 n—oo R R

Let us first take b(x) = 1. For each k € N, let n(k) > n(k — 1) be such that

<1
k?

n—oo

lim / Te(Mg,)Pda — / Te(Mg,,) [Pda
R4 R4
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for each m > n(k). Setting m = n(k) and taking a limit as k — oo we get

lim / To(Magn)Pdz = [ my(@)de. (8.4)
k—o0 R4 R4
Let us show that
| T5(M gn) [P = my(x) weakly in L'(R?), as k — oo, (8.5)

proving the assertion that |Tj(Mg,)|P is equi-integrable. Let b € L*(R?) and k > [ be
positive integers. Then Ty(s) > T;(s) > 0 for any s > 0 and so,

b(a) (1T (M gn i) [ = [Ti(M g )IP) < [[blloo (1T (M g P = | Te(M gnry) 7).

Therefore,

/ T (Mo Pd < [b]oc / T (Mo P — / (blloe — BT (Magnge) Pde.
R4 R4 R4

Taking a limit, as & — oo, and using (8.4) and (8.3) for the first and second terms on the
right-hand side, respectively, we obtain

T [ W@ M)l < (bl [ my(a@de = [ (0l =0) [ TPdna(s)da.

k—oo R4

Taking the limit, as [ — oo and using monotone convergence theorem and Lebesgue domi-
nated convergence theorem, as before, we obtain

lim b(x)| 15 (M gn i )|pdm</Rd b(x)m,(x)dx.

k—oo R4

Changing b(x) to —b(x) we obtain the reverse inequality,
liw [ b(@) (Mg Pdz > [ blam,(@)da,
k—o00 ]Rd Rd

resulting in (8.5) and the equi-integrability of |7} (M gnk))|?-
Step 3. In this step we begin constructing the decomp081tion. The idea is to split ¥, so
that the splitting is trivial (i.e. ¥, = 1, + 0) on a set where Vb, is not too large. Let

R ={x € R": Mhy(z) > j}.

Then, according to Lemma 8.2, 1,,(;)(x) is Lipschitz continuous on R? \ R} with Lipschitz
constant Lj, where L depends only on d. Also, |R;| — 0 as j — 00, by Chebyshev’s inequality;,
since Mhyj is bounded in L*(R%). For each j there exists a Lipschitz extension z;(z) of
Yy (z) from R?\ R} to R? such that z; has Lipschitz constant Lj (with a possibly different
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L that depends on d and m only®), see [14, Theorem 1, p. 80]. In order to prove part (f) of
the theorem we need to control the L norm of z;:

125l 2o ey < Clltpnyll oo avry)- (8.6)

If this estimate is not satisfied by our Lipschitz extension z;, then we may modify z; in the
following way. We first define w;(x) with components

V(@) = min{z{ (@), [[$n() | Lo@ary}, i=1,...,m.

Then wj(x) is Lipschitz continuous with the same Lipschitz constant as z; and is equal to
Y () for almost all z € R?\ R). The modified z;(x), not relabeled, is then defined by

2 (@) = max{w (@), ~llpugy 1= @amyy, i=1,...,m.

It has the same Lipschitz constant Lj as the original z; and is equal to 4, () for almost
all z € R\ R. At the same time the modified z; satisfies (8.6) with C' = \/m. Part (f) is
proved, since by Step 1,
[%nill L @ey < Cllpngllz=@)
for some constant C' > 0, depending only on 2.
Let

Rj=R;U{x ¢ R?: zj(z) # Pu)(x) or Vzi(z) # Vb (z)}.

The sets R; and R differ by a set of Lebesgue measure zero, [14, Theorem 3 and Remark (ii),
Section 6.1.3]. Therefore, |R;| — 0 as j — oo. Parts (b) and (e) are proved.
Observe that for a.e. x € R?\ R;

|25(@)| + V25 (@)| = [thn) (@) + [Vbug) (@)] < My (@) = T; (M (),
while, for a.e. z € R}, we have
|2j(@)] + | Vz(@)] < Vml[Yugllre@ar) + Li < (Vm+ L)j = L'Tj(Mhy(2)),  (8.7)
since Mhyj)(z) > [¢;(z)| for a.e. & € R%, so that
[l Lo @avry) < Mg || Lo @evry) < J-
Thus, the inequality (8.7) holds for almost all & € RY, which together with the equi-

integrability of {|T;(Mhy,)(x))*}, yields the equi-integrability of {|z;|> + |Vz;|*}. Part
(c) is proved.

8There is Kirszbraun’s theorem [27] that guarantees an extension with the same Lipschitz constant Lj.
However, all we need is a much simpler construction in [14] with Lipschitz constant L+/mj.
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Let v; = ,(j) — zj. Then v; is bounded in W2 because so are 4,; and z;. For any
p € WH2(R4R™) we have

/Rd(go,vj)da: / (V,Vv;)dx

1/2
(/ o dw) ||vjuz+</ |w\2dm) Vo = o
R,

as j — o0, since |R;| — 0. Hence, v; — 0 in W?(R% R™). Parts (a) and (d) are proved.

Step 4. In this step we prove items (a’)—(d'). Items (a’) and (') are direct consequences
of the definition of s; and ¢;. Item (d’) is a consequence of item (e) and boundedness of ¢;
in WP. Tt is proved in exactly the same way as item (d). The boundedness of ¢; in W'?
follows from the boundedness of s; in W', which in turn follows from item (¢). In order to
prove (¢’) we rewrite the inequality (8.7) in terms of s; and ¢, using the homogeneity of the
maximal function operator M and the identity rT,(s) = T,4(rs), valid for r > 0:

|Sj‘ + ‘VS]" < L/Trn(j)j(Mg”(j))a
where L' = y/m + L. From this we obtain
851 + V5| < LTy (Mngy)),

because 7,¢;)7 < j < k(j) and because T}(s) is a non-decreasing sequence of functions on
(0, +00). Thus, |s;|? 4 [Vs;|? is equi-integrable, because |Tj(j)(M gn(;))|? is a subsequence of
the equi-integrable sequence |T}(M gnk))|P (see Step 2).

Step 5. The construction of z; and v; above did not permit us to control their boundary
values, required to establish part (g). On this step we show that we can modify functions z;
(determining v;, s; and ¢; uniquely), in such a way that (g) is satisfied, while the validity of
all the other items is preserved. The modification is a careful implementation of the standard
cut-off procedure (see e.g. [39, Lemma 8.3]).

Assume first that r,,(;) — 0, as j — oco. Let V denote the closure of Var(A) in Wh2(Q; R™).
Without loss of generality, we assume that ,,;) — 1o, weakly in W2, Then, ¥, € V because
in Banach spaces the weak and the strong closures of subspaces coincide. According to part
(d) and Rellich’s compact embedding theorem, z; — g strongly in L. The function ¢y € V
might be not smooth enough for our purposes. Therefore, we replace it with a sequence
{4h;} C Var(A) such that 9; — ¥, in W2 and v, (;yh; — 0, uniformly in @ € Q, as j — oo.
We additionally require that Tn(j)”"Zj”Lp — 0, as j — 0. Such a sequence can easily be

constructed from a sequence of functions 1, € Var(A) that converges to 1 in the W12
norm. Let j(k) be a subsequence of positive integers, such that for every j > j(k)

k=1,2,....

1
g, < 4

| =

()| %k]l e <
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We now define tzj = Jk, if j(k) <j <jlk+1), k=0,1,2,..., with the convention that
j(0) = 0 and 1py = 0. The required properties of 1; are now evident.
Let n;(x) be a Lipschitz cut-off function such that 0 < n;(x) < 1 and

1, x € 01,
(@) = { 0, dist(x,00) > 4. (8.8)
It is possible to construct functions 7;, satisfying (8.8), while ensuring that

C
IVajllee < 5 (8.9)
J

where §; — 0, as j — oo and C depends only on €. The choice of the sequence d; will be
made a little later.

Next, let us make a key observation that s; — 0 in L?, as j — oo, if p > 2. This is a
consequence of the Sobolev embedding theorem and Hoélder’s inequality. The boundedness of
{s;} in WHP(Q; R™) implies the boundedness of {s;} in L¢(Q;R™) for some ¢ > p > 2. By
Holder’s inequality,

a/2 (p—a)/q
[srmprete < ([1npae) ([larae)
Q Q Q

_ g —
g—i-u:l, ie. CL:M
2 q q—2

where a satisfies

> 0.

Multiplying both sides of the Hélder inequality above by r? Gy we obtain

i)

Isilly < llz5llslls; 017

) — 0, as j — oo.

The key observation above allows us to specify the sequence d; and construct the modified
sequence z;. We require that §; — 0, as j — oo so slow, as to satisfy

lim Iz — il _ 0, (8.10)
Jj—o0 6]'
and additionally

i sl ol
Jj—0o0 5 Jj—00 5]' )

(8.11)

We define

zZj(x) = (1 —nj(x))zj(x) + ni(x)Y;(x), ;=nG) — 25, 85 =2 ti = TV,

establishing (a) and (a’). The validity of condition (g) is obvious. Condition (f) follows from
our construction of the sequence 1; and the already established property (f) for the original
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sequences z; and v;. The function z; differs from z; on the set {x € Q: dist(x,0Q) < §;}.
Hence, z; differs from ,,(;) on

R; = R; U{x € Q: dist(z, Q) < 4;}.

Hence, parts (b), (e) and (0') are established. Parts (¢) and (d) follow from the fact that z;
and v, satisfy (c) and (d) and

lim ||Z; — 2|12 = ]hm |v; — vj]l12 = 0. (8.12)

Jj—oo

Let us prove (8.12). The relation 2; — z; — 0 in L? follows from the fact that both z; and
1; converge to ¥ in the L? norm. Therefore, so does z;. We have

Vz; — VZ; = 0;,(Vz; — V) + (25 — ¥;) @ V.

Let us show that both terms on the right-hand side above converge to zero in L?. The equi-
integrability of [Vz;]|? and |Vp,|? (the latter sequence is actually compact in the strong L'
topology) implies that

lim [ n;(x)?|Vz; — Vap;|*de < lim V2, — Vi, |?da = 0,

J=eJa I70 J{zeQ: dist(x,00)<d;}

because [{x € Q: dist(x,0) < J;}| — 0, as j — oco. We also have

/W _$) ® ViPde < | Villlz; — ;1% — 0,

as j — 0o, because of (8.9) and (8.10).
To prove parts (¢) and (d'), let us show that

Jim |13 = sjllup = lim [[E; 2], = 0. (8.13)
We have s; — s; = nj(rn(j)'{p\j — 8;). Then

185 = sillp < lI8illp + rupllilly — 0, as j — oo.

We also have

- S Tn(i .
||VS]' _vsj”p < H JHP + (j)”l/)J”p

5 5. TVl + ragy il (8.14)
J J

The first two terms on the right-hand side of (8.14) go to zero by (8.11). The last term on
the right-hand side of (8.14) goes to zero by construction of the sequence ;. As for the
remaining term, we have

l.irn nj(x)’|Vs;|Pde < lim Vs;|” =0
j—0 770 J{zeq: dist(z,00)<3;}
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because |Vs;|P is equi-integrable and [{x € Q: dist(x,0Q) < §;}| — 0, as j — oo. The
functions s; and t; satisfy (¢') and (d'). Hence, the relation (8.13) implies (¢) and (d') for s;
and t;.

Now assume that 7,;y — 7o > 0. Then we construct a sequence {Z’]} C Var(A), such
that CA'J — o in WHP(Q;R™), where { is the weak limit of ¢, (or a subsequence of it) in
WhP(Q; R™). We can construct the sequence {CJ} in such a way that as,; CJ — 0 uniformly
in x € (), as j — oo. This is done in exactly the same way as for {1,0]} in the case r,;) — 0.
In the present case, rqg > 0, we define 1?)\3- = 7";(1].)@. Observe that 1@- — 75 ¢o in WP(Q;R™)
and an(j)HszHoo — 0, as j — o0o. Next we define the cut-off functions n;(x) as in (8.8), (8.9),
where 0; is such that

IIC] Colly

Jim 5;

= 0. (8.15)

We define the modified sequences {2}, {©;}, {5,} and {t,} as before. Properties (a), (a'),
(b), (b)), (e), (f), (g) hold for exactly the same reason as before. Properties (¢) and (d) follow
from (8.12), which is a consequence of (8.13), since ry > 0 and

The relations (8.13) are proved in exactly the same way as (8.12) in the case rq = 0, using
the equi-integrability of |Vs; — V(;|? and (8.15). Properties (¢) and (d’) also follow from
(8.13). The Decomposition Theorem is proved. [

From now on we restrict our attention to the subsequence n(j) (i.e. n(k(j))) and rename
it back to n. We also rename z; into z,, v; into v,, and so on. In other words, we will write
nPn = QnZpn + A0y, instead of P, () = () Zj + Mnk())Y;

9 The orthogonality principle

Here we show that the purely weak part {a,,z,} and purely strong part {a,v,, } of the variation
{¢,} act independently.

THEOREM 9.1 (Orthogonality Principle).
F(w7 an’ 1‘)bn’ vwn) - f(m’ an) vn’ vvn) - F<m7 an? zn7 vzn) - O’
as n — oo, strongly in L'(Q).

Remark 9.2. The orthogonality principle, applied to (2.9), implies that

'E({¢,}) = lim | F(x,an, z,,Vz,)de + lim [ F(x,a,,v,, Vv,)dz, (9.1)
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where we have extracted subsequences (without relabeling them), so that the limits in (9.1)
and in (2.9) exist. Thus, in order to prove Theorem 5.2 it will be sufficient to show that each
term on the right-hand side of (9.1) is non-negative.

To facilitate the proof of Theorem 9.1 we first establish a property of ®(«, 1, G), given
by (3.7).

LEMMA 9.3. The sequences of functions {® (o, ¥n, Vp,)} and {®(a,, v,, Vv,)} are bounded
in L'(Q), while the sequence {® (o, 2n, Vz,)} is equi-integrable (i.e. precompact in the weak
topology of L'(Q)).

Proof. Let us prove the equi-integrability of {®(a,, z,, Vz,)}. The same argument applied
to the other two sequences will establish their boundedness.

®(an, 2, Vzn) = |20l + [Vzal* + a2 VzalP + ab 72| 2! Va2

The first two terms in the expansion above are equi-integrable according to part (c) of the
Decomposition Theorem. The third term can be rewritten as (2|Vs,|?/a?, whose equi-
integrability follows from part (¢’) of the Decomposition Theorem and (7.1). The equi-
integrability of the last term is a consequence of (7.1), the Decomposition Theorem and
Holder’s inequality:

o g g
[tz =2 [ s pvs-tae < 2 ( [1s0) ([ wsr) o2
E & JE oy \JE E

where F is any measurable subset of (2. O]

Proof of Theorem 9.1. Step 1. Let
[n(waJT> = F(w,Oén,’l,bn, Vlbn) - ]—"(w,an,vn, V’Un) - F<m>anazna vzn)-

We have
/\In(:c,}")\dwg/ dn(:v)dw+/ | F(x, an, 2, Vz,)|de, (9.3)
Q Ry, "

where

dTL(w) = ‘JT(.’B, On, ";bna v",bn) - f(w, Ay, Uy, V’l]n)‘
The estimate (3.10) and Lemma 9.3 immediately imply that

lim |\ F(x, an, 2, Vz,)|de = 0.

n—oo R
n

Step 2. In this step we prove that

lim d,(x)dx = 0, (9.4)

n—oo R
m
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it W e L,. Using the decomposition ¥,, = z, + v,, and Lemma 3.2 we obtain

d, () < c(A,, (s WP, VP, U, V0,) [V 2| + A, (ozn,t/Jn,Vipn,vn,anﬂan (9.5)
for some constant C' > 0, where
A\p(aa¢1,G1,¢27G2) = |Y1] + || + |G4| + |Ga| + P H(|GL ] + |Go]P).

Applying the estimate (3.4) we have taken into account that a,v, = ¢, and «,v, are
uniformly bounded.
The inequality (9.5) implies that d,(x) < C’(dg)(m) + dff)(:c) + d,(f’)(m)), where

(@) = (|9a] + V| + |va] + [Vou))(|20] + [V24]).

P (x) = a2 (IVepul' ™ + [VouP DIVl dP () = ab 7 (IVeul” + (Vo) 2al.

Using the Cauchy-Schwarz inequality, the equi-integrability of {|z,|* + |V z,|*} and bound-
edness of v, and 1, in W2, we conclude that

lim [ dV(z)dx = 0. (9.6)

n—oo R
n

We also have

ﬁp

dY) (x) = —Z(IVCnI” CHIVETIVsal, dP (@) = S (IVC + [V anzal.

n n

Recall that we are working under the assumption (7.1), so

lim [ d?(z)dx =0, (9.7)

n—oo R
n

because of the equi-integrability of |Vs,|P and the Hélder inequality

[ @ @ae < Bave@i s ivueir ([ wa@pe)

n

We also have

g

A (x)dz < — (IIVCn( )|l + 1VEn (@) ) lanzn |-

Ry

Hence, by part (f) of the Decomp081t10n Theorem and boundedness of ¢, and ¢, in WP, we
have

lim [ d®(z)dx = 0.

n—oo R
n

Formula (9.4) is proved for W € L,.
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Step 3. Now assume that W € £, \ £,. Then by virtue of Lemma 3.7, there exist a
sequence of functions Wj, € £, and corresponding functions By, computed according to (3.5),
such that By = B on a neighborhood of R and By — B in Ay. Let

Fi(x,a,, G) = By(x, atp, aG)®(a, 1, G) + 8*W(x, ¥, G).

Then we have
/ ]In(w,fﬂdazg/ |In(m,fk)|d:c+/ (2, F) — I (z, F)|d.

According to Step 2 applied to Fy,

lim I (x, F)|dx < lim \L(x, F) — L,(z, F,)|dx.

" JR, " JR,
Recall that a1, a,z, and a,v, are all uniformly bounded (by 1, if n is large enough). Let
er = BBy — B) — 0, as k — oo.
Then, using formula (3.6) we obtain
I (x, F) — L,(x, Fr)| < ex(P(an, ¥n, V) + P(an, 20, Vz,) + (v, vy, Vo,)).  (9.8)
Lemma 9.3 implies that

lim [ |I,(z, F)|dx < Ce.
Q

n—oo

This proves (9.4) and finishes the proof of the theorem. O

10 Representation formulas

According to Remark 9.2, our task is to establish the non-negativity of 77 and T3, given by

Ty = lim | F(x,an, z,, Vz,)dr, Ty = lim [ F(x,an,v,, Vv, )dz. (10.1)

n—oo [o n—oo J )

In this section we will derive representation formulas for 7} and T5.

LEMMA 10.1. Let {vg}aecq be the Young measure generated by a subsequence of {Vz,}. Then

= %L{(Wyy(w)l/)()ﬂbo) + 2(Wry(x)vp0, Vipo) +/

M

(L(m)G,G)dum(G)}d:c, (10.2)

where L(x) = Wrp(x) and 1 is the W2 -weak limit of (a subsequence of ) 1, and by part
(d) of the Decomposition Theorem, of z,.
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We call v, z,, the weak part of the variation because its action on the functional is described
in terms of the second variation of E(y).

Proof. There exists a further subsequence, not relabeled, such that

lim [ B(x,anz,, @, Vz,)P(an, 2, Vz,)de =0 (10.3)
n—oo Q
and
lim [ 0°W(x, z,, Vz,)dx =T, (10.4)
n—oo Q

where T'; is the right-hand side of (10.2). Formula (10.4) follows from the equi-integrability
of [Vz,|?, the Young measure representation theorem, [2] (see, also [39, Theorem 6.2]) and
the compact embedding of W% into L? (Rellich’s lemma).

Let us prove (10.3). Observe that o, Vz, — 0 in L? because Vz, is bounded in L? and
a, — 0. Then we can find a subsequence, not relabeled, such that a,Vz,(x) — 0 for a.e.
x € Q. Thus, B(x,apz,, a,Vz,(x)) — B(x,0,0) = 0, as n — oo for a.e. x € Q. Also,
according to Lemma 3.5.

|B(x, anzn, anVz,)|P(an, 2., Vz,) < CP(ay, 2, Vz,). (10.5)

Lemma 9.3 then implies that the left-hand side in (10.5) is equi-integrable. Now, (10.3) follows
from the generalized Vitali convergence theorem® (see [38, Theorem 2, p. 152] and [43, p. 133,
exercise 10(b)] for the original Vitali convergence theorem). Lemma 10.1 is proved. O

LEMMA 10.2 (Generalized Vitali convergence theorem).

Let (X, 0, 1) be a positive measure space. If (i) u(X) is finite, (ii) f,, — 0, p-a.e. asn — oo,
(iii) gn is bounded in L'(u) and, (iv) the sequence {fngn} is equi-integrable, then f,g, — 0
in L'(u).

The original Vitali convergence theorem corresponds to g, = 1.

Proof. For any € > 0, let 9 > 0 be such, that

sup/ | fagnldp <€,
E

n>1

whenever u(E) < 0. By Egorov’s theorem, there exists a set Ej such that pu(Fs) < § and
fn — 0 uniformly on X \ Es. Then

Vgl = / Fagnldi [ 1fugnldie < lgallig sup |ful@)] +c.
X\Es Ejs z€X\Ej
Thus,

n@o ||fngn||L1(p) <e.

The lemma is proved. [l

9A similar statement in [21, (7.11)] is also a consequence of the generalized Vitali convergence theorem
and not of the original Vitali theorem as claimed in [21].
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Now, let us turn our attention to the representation of T5. Extracting enough subse-
quences, not relabeled, we may write Ty, = Ty + Ty, where

Ty, = lim [ 6°W(x,v,, Vv,)dz,

n—oo Q

Ty = lim [ B(x,a,v,, a,Vv,)®(a,, v, Vv, )de.
n—oo Q

The first term Ty; above cannot be written in terms of Young measures because |Vv,|? does
not have to be equi-integrable. However, it can be simplified in view of part (d) of the
Decomposition Theorem and Rellich’s lemma, that says that ||v,||2 — 0, as n — co. Hence

1
T21 = lim — (L(:c)V'Un,V'vn)d:c

n—oo 0

We can now use Fonseca’s Varifold Theorem [16, Theorem 3.6] that says that there is a family
of probability measures {\z},cq on the unit sphere § in Ml and a non-negative measure 7 on
2 such that

Ty = % /Q /S (L@)G, G)dro(G)dr(). (10.6)

The non-negative measure 7 on €2 is the weak-* limit (in C'(Q2)*) of the sequence of measures
dm, = |Vv,|?dz. Let us now turn to the computation of Th,.

LEMmMA 10.3.
Ty = lim [ B°(x,,Vv,)®°(a,, Vv,)dz,

n—oo Q

where B°(x, H) = B(x,0,H) and ®°(a, G) = ®(, 0, G).

Proof. Step 1. Let us first prove that

Toy = lim [ B°(x,a,Vv,)®(ay, v,, Vv, )dz. (10.7)
n—oo Q

Relation (10.7) is a consequence of part (f) of the Decomposition Theorem, Lemma 9.3 and
Theorem 3.1. The latter implies the uniform continuity of B(x, ¢, H) at ¢ = 0:

lim sup |B(z,¢,H)— B°(x,H)|=0. (10.8)

¢—0 e, HeM

Indeed, the uniform continuity of B(x, ¢, H) on compact sets is a property of all continuous
functions (Cantor’s theorem). We may assume, therefore, without loss of generality, that
|¢| < 1 and |H| > 1. Then we may write B(x, ¢, H) = Ry(x, ¢, H) — Ry(x, ¢, H), where

W(x,yo(x) + ¢, Fo(x) + H)

@I = T gR s R+ )
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and
W(z) + (Wy(@), @) + Wr(z), H) + 5*W(z, ¢, H)

(Iof? + [H?)(1 + |H|~2)
The uniform continuity of Ry(x,¢, H) at ¢ = 0 in the sense of (10.8), follows from Theo-
rem 3.1, while the uniform continuity of Ry(x, ¢, H) is not difficult to verify directly.

Step 2. To finish the proof of the lemma, we observe that by Lemma 3.5

Ry(x, o, H) =

/ B°(x, a,Vv,)(P(an, vn, Vv,) — (v, Vv,))dx
Q

< C/(\vnIQ + 0P|, 2| Vo, P2 da.
Q

The first term on the right-hand side goes to zero because v, — 0 in L?, as we mentioned in
connection with 75;. The second term is estimated as in (9.2):

P P
/ag—2|vn|2|vun|p—2dm _ ﬁ—g/ 2Vt 2z < 0t 2V (10.9)
Q an Jo ag,

Part (d') of the Decomposition theorem and the compact embedding of W7 into L? implies
that [|t,]|, — 0. The lemma follows now from (7.1). O

Following [21] we would like to view the limit in the formula for Ty, in Lemma 10.3 as a
linear functional acting on B°(x, H). The following lemma adapts the arguments of DiPerna
and Majda [12, Theorem 4.1] for our purposes.

LEMMA 10.4. Let Cp denote the set of all bounded and continuous functions on Qx M. There
exist a subsequence, not relabeled, a non-negative finite measure o on €2 and a continuous

linear transformation T : Cg — L2°(Q2) such that for any B € Cp

lim [ B, an Vo) (an, Vo, )da — / (TB)(2)do(x). (10.10)

Proof. We observe that
An(B):/B(w,anV'vn)(I)o(an,an)dm
Q

is a bounded sequence of linear and continuous functionals on the Banach space Cz. By the
Banach-Alaoglu theorem there exists a subsequence, not relabeled, and a linear continuous
functional A on Cp such that A,— A. Let o be the Radon measure that is a weak-* limit of

measures ®°(a,, Vv, )dx in C(2)*. In other words, for any test function ¢ € C'(€2) we have

Ag) = /Q o(a)do (). (10.11)

The positivity of ®°(«, G) implies positivity of A, i.e. A(B) > 0, provided B(x, H) > 0. The

map C(€2) 5 ¢ — A(¢B) is a linear continuous functional on C(§2). Therefore, there exists a

Radon measure mp on €2, depending on B(x, H), such that
A(6B) = / o (@) dmp (). (10.12)
Q
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The positivity and linearity of A and (10.11) imply that

[A(¢B)] < IIBIIm[l|¢(w)Id0($)- (10.13)

Hence, for each B € Cp, the measure mp is absolutely continuous with respect to o. By the
Radon-Nikodym theorem there exists a function fz € L!(£2) such that for every Borel subset
E of Q
mp(E) = / Jo(@)do().
E

The integrand fp depends linearly on B and the inequality (10.13), together with density of
C(Q) in L}(Q), implies that || 5| o) < | Blloo- Hence, the map B fp defines a bounded

linear transformation T : Cp — L2°(£2), and (10.10) is proved. O
Let us list here some useful properties of the operator T.
LEMMA 10.5.
(a) The operator T is “local in x” in the sense that T(¢pB) = ¢TB for any ¢ € C(Q);
(b) (To)(x) = ¢(x) for any ¢ € C(Q);
(c) the operator T is “positive”, in the sense that B > 0 implies TB > 0.

Part (c¢) implies that [TB| < T|B| and if By < By then TB; < TB; in the sense of L
functions.

Proof. Property (a) is obtained by substituting dmpg = (TB)(x)do in (10.12) and applying
Lemma 10.4. Property (b) is a consequence of Lemma 10.4 and (10.11). Property (c) is an
immediate consequence of positivity of ®°(«a, G). O

The measure 7 from (10.6) is absolutely continuous with respect to o. Indeed, let us apply

Lemma 10.4 to B(x, H) = a(x)b,(H), where a € C(2) and

1

() = g

We obtain
dm, = |Vv,|2de = by(a,, Vv,)P° (o, Vv, )de> (Th,)(x)do,

where the convergence is in the sense of weak-* topology on C(Q)*. Thus,
dr = (Tb,)(x)do. (10.14)

Combining (10.6), (10.10) and (10.14) we have the following representation formula for 7:

T, = / {(TBO)(a:) + % ( /S (L@)G, G)d)\w(G)> } do (). (10.15)

Q
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We remark that the measures m and A\, are exactly the measures 7 and Xm in [21], respectively.

In summary, we have shown that 6'E({¢,}) = T\ + T», where T} is given by (10.2) and T
is given by (10.15). The non-negativity of T; follows from the non-negativity of the second
variation (4.1) and a density argument (since in general z,, belongs to the closure V of Var(.A)
in W12). The non-negativity of Ty is far less apparent. It follows from the quasiconvexity
conditions (4.2) and (4.3). However, Ty, by its definition, has a geometrically global character
(it is an integral over ), while the quasiconvexity conditions have a local character. In order
to exhibit the local character of T, and link it to the quasiconvexity conditions, we proceed
to establish the localization principle.

11 The localization principle

As we mentioned in the Introduction, one of the ideas in the proof of the sufficiency theorem is
to exhibit the action of the strong part of the variation «,,v,, as a superposition of “Weierstrass
needles”, i.e. variations of the form e¢((x —x¢)/€), or more generally, ep.((x —x¢)/€), where
¢ (or ¢) is a smooth function supported in a unit ball B. Even though «,v, does not
have the required form, we will show that it localizes, i.e. its action on the functional can
be understood by studying what happens in the vicinity of each fixed point &y € Q. The
reason why localization works is that v, — 0 in W12, Rellich’s lemma then implies that for
a smooth cut-off function #(x) the sequences V(6(x)v,,) and 6(x)Vwv, differ by a sequence
that converges to zero in the L? norm.

With the above understanding, we may proceed in different ways technically. One way
is to follow the strategy of Evans [13, Chapter 3.B| by showing that T is well approximated
by an expression similar to (10.1), where v, (x) is replaced by 6 (x)v,(x), where 0 (x) are
cut-off functions that are supported on compact subsets of the interior of cells of a rectangular
grid with mesh size r. On each cell of the grid we may then use the quasiconvexity inequality.

For the purposes of exposition we choose a formally different (but, in fact, quite similar)
approach based on localization and Lebesgue’s differentiation theorem. The idea is to apply
the representation theorem for the localized version of v, i.e. to 6} (x)v,(x), where 0 (x)
is a cut-off function supported on the r-neighborhood of x(, and exhibit T5 as a limit of the
localized variations via the Lebesgue differentiation theorem. The quasiconvexity conditions
will then imply that each member of the sequence converging to T, is non-negative. The
advantage of this approach is that it allows us to split the inevitable error estimates associated
with the introduction of cut-off functions into relatively small steps and use the power of
measure theory and functional analysis to streamline at least some of the technicalities.

11.1 Localization in the interior

THEOREM 11.1 (Localization in the interior). Define

F(2,0,G) = F(z,0,0,G) = B(x,0G) (0, G) + %(L(m)G, G). (L)
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For xy € 0, let 0;(x) € C°(B(xo,7)) be the cut-off functions, such that 0} (x) — XB(wo.r) (T)
for allr >0 and ¢ € R, as k — oo, and 0 < 05(x) < 1. Then for o-a.e. Ty € ), we have

1
lim lim lim —/ F°(xo, an, V(0 (x)v,,))dx = I(xy), (11.2)
Ba(xo,r)

r—0 k—o0 n—oo U(BQ(CBO, ’I“))

where Bg(xo, 1) = B(xo,7) NQ and

I(z) = (TB°)(z) + % ( /3 (L(z)G, G’)d/\m(G)) . (11.3)

Proof. Step 1. First we show that the gradients of the cut-off functions 6}, () do not appear
in the limit.

LEMMA 11.2. For each k € N, and r > 0

lim F°(xo, an, V(05 (x)vy,))dx = lim F°(xo, an, 0 (x)Vv,)de.
700 JBa(wo,r) 700 J B (wo,r)
Proof. Let

Snkr(F°) = |F° (g, an, V(0 (2)v,)) — F° (20, 00, 01 () V,,) |

Then we show that S, . ,.(F°) — 0 strongly in L' as n — co. Here we use same technique as
in the proof of the Orthogonality Principle in Section 9. Let us first assume that W € L,,.
Then the estimate (3.4) is applicable. It reduces to

|Fo(x, 0, Gy) — F(x, a0, Gy)| < C(|G1| + |Ga| + P 2(|G1|P 4 |Go|P ) |G — Gy|. (11.4)
Thus,
Snger(F?) < C(IV(0300)| + 105V 00| + a2 ([V(0500) P71 + |05V 0,[771)) [ VO], @ v,

Then using the same estimates that have led to (9.6) and (9.7) it follows that there exists a
positive constant C'(k,r) (constant, in the sense that it is independent of n) such that

1S (F) 1 < Ok ) (lvallr 2llvallz + a7, 1£all,)-

Recall that v, — 0 weakly in W12 and t,, = r,v, — 0 weakly in W1?. Therefore, ||v,||s — 0
and ||t,]|, — 0, as n — oo, by compact the embedding of W'? into L? for all p > 1. Hence,
Spkr(F°) — 0 strongly in L' as n — oo.

Now, if W € £, \ £, we use the Approximation Lemma (Lemma 3.7) to construct a
sequence JF; such that

| F (0, G) — F°(z, 0, G)| < || Bf — B°||c®° (v, G). (11.5)

Lemma 9.3 and the argument in Step 3 in the proof of Theorem 9.1 imply that S, 4, (F°) — 0
strongly in L' as n — oo. O
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Step 2. Next we compute the limit in Lemma 11.2 by means of the representation formula
(10.15), and show that the limit as & — oo corresponds to taking 0},(x) = XB(z,,r) () formally
in Lemma 11.2.

LEMMA 11.3.
lim lim F (o, an, 0 () Vo, )dz — / I(zy @)do(@)  (1L6)
k—o0n—0o0 Ba(xo,r) Ba(xzo,r)

where

2

The operators T in the definition of Z(xy, ) act on functions (x, H) — B(xq, H) and
(x,H) — b,(H) that depend on H only. The integral in the right-hand side of (11.6) is
taken over the set B (xg, ), instead of its closure, because the integrand in the left-hand side
of (11.6) is continuous and vanishes on the “round part” 0Bgq(xo,r) N Q of OBg(xo, ).

Z(en o) = (5 (@)@ + 02 ([Lae.@an@). a1

Proof. For each fixed o € Q and k > 1 we use (11.1) and write

1
fo(w(b A, 9;(33)an) = Bk,r(ma anvan)q}o(ana V'Un) + §(Lk,r($)vvna V’Un),

where

Op()*(1 + |0k (x) H|"?)
1+ |H|p2

By, (x,H) = B®(x, 0, (x)H), Ly(x) = HZ(QZ)QL(ZBO).

Applying the representation formula (10.15), with Bq(xo, ) playing the role of 2, we obtain
lim F°(xo, an, O (x)Vo,)dx :/ T (x0, x)do (), (11.8)
1700 J Ba (wo,7) Bo(zo,r)

where

T (anw) = (T @)+ 5 ([ (L (@06, @in(@) ).

The bounded convergence theorem implies that for o-a.e. € Bo(xo, 1)

lim [ (L, (2)G, G)de(G) = / (L(0)G, G)d)o(G).

Observe that By, (x, H) — B°(xy, H), as k — oo pointwise, but not uniformly in (x, H).
To prove Lemma 11.3 we need to show that the convergence is uniform in H for each fixed
x. This is a consequence of W € £,, and the following lemma.

LEMMA 11.4. Let By(H) = B°(xo, H). Suppose ¢ >0, 0; >0 and §; — 6, > 0, as j — oo.
Then 0§ Bo(0;H) — 05Bo(0oH ) uniformly in H € M, as j — oo.
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Proof. 1f 6y = 0, then 07 By(0;H) — 0 uniformly in H € M, as j — oo, because the function
Bo(H) is bounded. Now suppose that 6, > 0 and

lim sup |0?B0(9]H) — ‘9830(90H)| > 0,

J—00 HeM

in contradiction to the statement of the lemma. Then, there exists a sequence H; such that
|H | — oo and such that

lim |0¢By(0,H;) — 03By (6o H;)| > 0. (11.9)

Jj—oo
Let H} = 0yH; and H} = 0;H;. Then |H}| — oo and |HJ| — oo, as j — oo, while

H' — H” O, — 0.
lim ’J, J’,,:hm =01 __,
i—oo L+ [H| + |HJ|  j—o0 |[H;|71 + 0 +0;

Therefore, Theorem 3.1 implies that By(6;H;) — Bo(6pH;) — 0, as j — oo. It follows that
167 B0(6;H;) — 0580(60H;)| < 6] — 05l Bolloe + 651 B0(6;H;) — Bo(6oHy)|.

Taking a limit as j — oo, we get a contradiction with (11.9). This finishes the proof of the
lemma. ]

Lemma 11.3 follows now from bounded convergence theorem and
LEMMA 11.5.
lim (T By, ) () = (TB*(xo,-))()

k—o0

for o-a.e. x € Bo(xo, ).

Proof. Observe that the functions By,,.(x, H) are uniformly bounded. Therefore,

5k,r(w) = I?Ilgli/ﬂ |Bk,r(ma H) - Bo(w07H)|

is a uniformly bounded sequence of functions, such that d;,(x) — 0 for every @ € Bq(xo, 7).
Let us show that functions 0y ,(x) are also continuous. This is a consequence of the uniform
continuity of By ,(x, H).

Definition 11.6. We say that B € Cp is uniformly continuous, if for every € > 0 there
exists & > 0 so that for every H € M and {x', 2"} C Q, such that |’ — x"| < 0, we have

|B(z',H) — B(z",H)| < e.

The subspace of all uniformly continuous functions in Cp will be denoted C¥.

The uniform continuity of By, (x, H) is a corollary of Lemma 11.4.
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Corollary 11.7. The functions By ,.(x, H) are uniformly continuous in the sense of Defini-
tion 11.6.

Proof. Suppose {z/,z"} C Q are such that |z/, — x| — 0, as n — oo. Without loss of

generality we may assume that there exists @, € {2 such that !, — x, and ! — x,, as
n — oo. Let 8, = 0;(x,), 0 = 0;(x]) and 0y = 6} (x.). Then

| Bir (2, H) — By (ay, H)| < |(6,,)* Bo (6, H) — (6,)" Bo (6, H)|
+1(6,,)" Bo(6, H) — (6,,)" Bo (6, H ).

Adding and subtracting 62 By(6oH ) in the first term and 65 By(6p H ) in the second term above
and applying Lemma 11.4, we obtain uniform continuity of By, (x, H). ]

Now, Lemma 10.5 implies that
[(TBgr) (@) — (TB®(x0,-)) ()] < (Tok,) () = Or()
for o-a.e. ¢ € Bq(xg,r). Lemma 11.5 follows. O
Lemma 11.3 follows now from the bounded convergence theorem. O]

Step 3. In order to finish the proof of Theorem 11.1 we need to divide both sides of
(11.6) by o(Bq(xo, 7)) and take the limit as r — 0. Observe that

T(ao, @) — M </S(L(a:0)G,G)d)\m(G))

is a linear combination of functions

fiju(x) = % (/S Giij,d)\w(G))

with coefficients L;jz (o) depending on xy. The application of the Radon measure version
of Lebesgue differentiation theorem [15, Corollary 2.9.8] to m2d? functions fi;i () yields the
desired result

. 1 (Tby) ()
liy s /B Do w)io@) = ( /5 (L(z0)G. G)dAmO(G))
for o-a.e. ¢y € Q.

To compute the limit for Z;(x¢,x) = (TB°(xo,-))(x) we will have to use the uniform
continuity condition (UC). The problem, is that the o-null set, where convergence, as r — 0,
fails in the Lebesgue differentiation theorem may, in principle, depend on xy. Consequently,
the convergence at x might fail for all 2, € . From the expression

1
B° H WO(ZB,H)—E(L(m)H,H> U(CL',O,H) 11.10
T (R R el [ —
we see that condition (UC) is equivalent to the uniform continuity of B° in the sense of
Definition 11.6, i.e. B® € CY.
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LEMMA 11.8. Suppose B € CY. Then for o-a.e. o € ) the limit

1

iy B o (T (@)@ (T B)a)

exists.

Proof. Let {z; : j > 1} be a countable dense subset of Q. Then there exists a o-null set
N C € such that for all j > 1 and all &y € Q\ N,

lir%AT(:cj,wg) :Il($j,$0), (1111)

where
1

Alem) = s /B D@tz

Let us show that A, (&, o) has a limit, as » — 0 for all £ € Q and all zy € Q\ N. Let us
choose an arbitrary £ € (). For any € > 0 we may find and index j, € N such that

| A (&, x0) — Ar()y, ®0)| < (11.12)

Wl ™

for all » > 0 and o € Q. Indeed, by uniform continuity of B° we may choose an index 7,
such that

[¢] o 6
sup |B°(§,H) — B°(x;,, H)| < 3
HeM

Then Lemma 10.5 implies that

||Il<€> ) - Il(wj’ ')HLgO - “TBO(E’ ) - TBO(:B]'(M ')HL(‘?" < §

Therefore, (11.12) holds uniformly in @y and r. Now fix any x, € ﬁ\ N. Then, convergence
(11.11) implies that there exists > 0 so that for all € (0,6) and all s € (0,0)
€
|Ar (o, To) — As(@jy, @o)| < 3

But then

|Ar (€, ®0) — As(§, @o)| <|AL(E, o) — Ar (o, o)
+ |AT(33]'O,:B0) - As(wjovm0>| + |As(wj07w0) - AS<£,1B0)| <€

Thus, by the Cauchy convergence criterion, A, (€& o) converges, as r — 0 for all £ € Q and
all zy € Q\ N. In particlualar, taking & = x(, we establish the lemma. m

To finish the proof of Theorem 11.1 we only need to prove that TB° = TB°. We first
note that both T and T are bounded linear operators from CY to L. Indeed, for every x
for which the limit (TB)(x,) exists, we have |(TB)(g)| < ||B|lse, since |(TB)(z)| < ||B|lw
for o-a.e. x € Q.
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LEMMA 11.9. Let IT C CY denote the subspace of all finite linear combinations of functions
of the form ¢(x)b(H). Then CY =TI, where the closure is taken in Cp.

The proof of this lemma is in Appendix B.
Let us show that T and T agree on II. Indeed, (T(¢b))(x) = ¢(x)(Tb)(x), according to
property (a) of Lemma 10.5. By Lemma 11.8 we have

(T(¢h)) (o) = lim : /3( )(T¢(wo)b))(w)d0(w)=¢(wo)(Tb)(wo)

r=0 0 (Bao(zo, 7))

for o-a.e. ¢y € Q. Since Tand T agree on IT and are bounded on CY, they also have to agree
on IT = CY. Theorem 11.1 is proved now. O

11.2 Localization on the free boundary

For xy € 09, we cannot use Theorem 11.1 directly, because in order to use the quasiconvexity
at the boundary condition (4.3) we have to flatten completely the “almost-flat” part of the
boundary of

BQ(Q?(), T) — Xy

B_:

r

,
Asr — 0, the set B “converges” to the half-ball B;(mo). To make this precise, in Appendix C

) — B_T— such that fT(w) —xinC! (B;(mo)>

we construct a family of diffeomorphisms f, : B;(mo

and f'(x) — x in C*(B;) in the sense that

r

hr% sup |f ' (x) — x| = lir% sup |[V£ (z) —I| =0. (11.13)

zeB, xEB;

Let v’ (x) = r'v,(zo + rf,(x)) be the “blown-up” version of v,, defined on B,z

THEOREM 11.10 (Localization at the free boundary). Let o € 0QyNsupp(c). Let the cut-off
functions O(x) € CF°(B) be such that Ox(x) — xp(x), as k — 0o, and 0 < O (x) < 1. Let
;k(a:) = Ox(x)v] (). Then

d

,
lim lim lm ———— F°(xo, an, V&, p(x))dx =L(x 11.14
r—0 k—00n—00 U(Bﬂ<w07r>> /;(wo) ( ’ E 7k( )) ( 0) ( )

for o-a.e. Ty € 00y, where I(x) is given by (11.3).

Proof. The proof follows the same sequence of steps as the proof of Theorem 11.1, except
that here we need an extra step to take care of the deformations f,.(x).
Step 1.

LEMMA 11.11.
lim F°(xg, on, VE,, ;)dx = lim F°(xq, o, O () Vo) )dx. (11.15)
n—00 [p— ) n—oo [p-

n(zq) n(zg)
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Proof. The proof is very similar to the proof of Lemma 11.2. We first assume that W € L,
and use (11.4) to obtain

100 (F) 11 < CRY (o lliallvnllz + ab[lwp 17, lvn ),

where

Sn,k,'r‘(fo) - |fo(w07 Qln, vé;,k) - Fo(w()a Qs Qk(m>vv;)|
and the norms of vy, are now taken over the domain 5, ). To see that
Snkr(F°) — 01in LI(B;(:DO)), as n — 0o (11.16)

we need to change variables
' =xy+rf(x) (11.17)

in the norms above. Since the change of variables depends on r only, we easily obtain

[olle < Cp)llvall, Nvnlhy < Cp)llvallip,

for all p > 1, where the norms of v,, are taken over Bq(xg, ). Using the identity
- -1 sy -1
o lvallty llvally = =5 IEall7, l1Enllp,
n

Rellich’s lemma and (7.1) we establish (11.16). If W € £, \ £, the estimate (11.5) requires
that [|®°(a,, VE] ,)|l1 be bounded as n — oo. We have

12°(an, VE, W)l < CRY (o l1T 2 + o2 lopll ).
Once again, making a change of variables (11.17) and using (7.1) we obtain
12°(cn, VE, Il < C ) (lvallis + (1817 ,),

completing the proof of the lemma. O

Step 2. In this step we compute the limit n — oo followed by the limit & — oo in (11.14).
We make the change of variables (11.17) in the right-hand side of (11.15).

/ rd]-"o(:co, Qp, Ok () Vv, )de = F°(xo, aup, Hk(pr(m'))anJr(az’))Jfl(:B’)d:l:’ (11.18)

n (@) Bq(wo,r)

where
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As in Step 2 in the proof of Theorem 11.1 we are going to use the representation formula
(11.3) to express the limit of the right-hand side of (11.18) as n — oco. We have

1
F°(zo, an, 04 () Vo, J. () (x) = By (T, 0, V,)0°(a, V) + é(Lm(w)an, Vu,),

where
and
Bm(w,H) — 92(.’5) ‘HJT(:B” (1 + |62($)HJT(SU)VJ_ )BO((BU,QZ(CC)HJT(w))

Jr(@) [ H(1 + [H[P~2)

For notational convenience we have dropped the prime in the variable . The property (11.13)
of the maps f, implies that
J.(x) — 1, J(x) — 1, (11.19)

uniformly in & € Bq(x,7), as r — 0. Thus, when r is sufficiently small, J! () is continuous
on Bq(x,r) and
HT, ()] > | H], (11.20)

where r,. is the smallest singular value of the set of matrices {J,.(x) : « € Bo(xo,7)}. We
have k., — l,as r — 0, in view of (11.19). Hence,

[ H I (@)P(1 + [H T, ()72)

Bl H) = =5+ 1))

B®(xy,HJ,.(x)) = B.(xz,H),

uniformly in H € M, as k — oo for all & € Bg(xo, ). This is proved by a simple modification
of the arguments in Lemma 11.4. Similarly, the modified Lemma 11.4 and Corollary 11.7
imply that By, (x, H) is uniformly continuous for each k& € N and r > 0 in the sense of
Definition 11.6. Hence, we obtain the analog of Lemma 11.5

lim (TBy,)(x) = (TB,)(x) (11.21)

k—o0

for o-a.e. ¢ € Bqo(xo, 7). Applying the bounded convergence theorem we may compute the
first two limits in (11.14). Thus, we have established the following lemma.

LEMMA 11.12.

im lim riF°(xy, o, VE" . (x))dx = +(xo, x)do(x), )
i i [ 7o, V() / Tl w)io( (11.22)
where

7 an,a) = (TB)@) + 52 [ (L@, (), 6, @) ire(G). (11.23)
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The integral in (11.22) is over Bq(xo, ) because 6, (x) vanishes on 0B(xg, ) N2, but not
on QN B(xg, 7).
Step 3. In this step we take a limit, as » — 0. For the first term in (11.23) we have

egl) = sup sup |B.(x,H)— B°(xzo,H)| — 0, (11.24)
x€Bq (xo,r) HEM

as r — 0. To prove (11.24) one just repeats the arguments of Lemma 11.4 using the inequality

(11.20).
For the second term in (11.23) we also have
L
e? = sup max (L(2)G (), GJ (@) _ (L(x0)G, G)| — 0, (11.25)
:I:EBQ(:I:(),T’) Ges Jr(m)

as r — 0. The estimate (11.25) is a consequence of (11.19) and compactness of the unit
sphere § C M and Bg(xg, ). Thus,

e (Th,) ()

|Ir(m07m) _I(m07m)| S 69) + 9 )

(11.26)

for o-a.e. © € Bo(xo,r). It follows that

1 1
lim—/ Irm,mdamzlim—/ I(xy, x)do(x),
r—0 U(BQ(:B07T)) Ba(xo,r) ( ‘ ) ( ) r—0 0<BQ(m07T)) Ba(xo,r) ( ’ ) ( )

(11.27)
since Tb, € L° (Q). Step 3 in the proof of Theorem 11.1 now completes the proof of Theo-
rem 11.10. [

12 Proof of Theorem 5.2

In order to prove Theorem 5.2, it suffices to show that 77 > 0 and 75 > 0, where T} and 15
are given in (10.2) and (10.15), respectively. We show that (4.1) implies that 77 > 0. We also
prove that T, > 0 by proving that Z(z) > 0 for o-a.e. & € Q, where Z(x) is given by (11.3).
The proof is essentially the same as in [21, Section 9]. We give full details here for the sake
of completeness.

Step 1. We observe that the inequality (4.1) holds not only for every ¢ € Var(A) but
also for every ¢ € V = Var(A), where the closure is taken in W1%(Q; R™). Hence, for every
n € N we have

/ W (x, z,, Vz,)dz > 0.
Q

Therefore, T} > 0.
Step 2. In this step we show that Z(x() > 0 for o-a.e. &y € QUIQ;. Indeed, Theorem 11.1
represents Z(xg) as a limiting value of numbers
1
(T(BQ (mo, r

Prer — : / W (0, 0, V (0} (),))daz,
))an Q

45



for o-a.e. &y € Q. The non-negativity of the numbers p, ., follows from the quasiconvexity
inequality (4.2) and the fact that 0 (x)v, € W, (% R™) for each n, k and r, sufficiently
small so that B(zxg, ) N 0, = 0.

Step 3. In this step we show that Z(xz,) > 0 for o-a.e. &y € 9Qy. Theorem 11.10
represents Z(xg) as a limiting value of numbers

T’d

Qn.kr =
" o(Ba(@o,r))ad B wo)

We(xg, a, V(0 (x)v;))dx,

for o-a.e. ¢y € 0€2y. The non-negativity of the numbers g, 1, follows from the quasiconvexity
at the boundary condition (4.3) and the following lemma.

LEMMA 12.1. Suppose that the inequality (4.83) holds for every @y € 0. Then it also holds
for every xy € 0€),.

Proof. Let xy € 0Qy and {xy, : k > 1} C 99y be such that ¢, — g, as k — oo. Let
@ € Vi(ay), Where V,, is defined by (4.4). Let R} be a sequence of d x d orthogonal matrices
such that Ry — I—the d x d identity matrix, as k — oo, and Ryn(xy) = n(xy). Such a
sequence exists, since 02 is a C! surface and n(xy) — n(xzy), as k — co. Then ¢p(x) =
d(Ryx) € Viz,). The inequality (4.3) then implies that for each k € N

Wo(wk, V(j)(Rkaz)Rk)daz Z 0.
B-
n(zy)

Changing variables ' = Ry, we obtain

/  WO(ak, Vo(@)Ry)da! > 0. (12.1)

n(xzq)
Passing to the limit, as k — oo in (12.1) we obtain (4.3) for xy € 9. O

By construction (see Section 2), the sets 0€2; and 8_92 are such that Q = Q U 99 U 09Q,.
Hence, we have proved that Z(xg) > 0 for o-a.e. xy € ). Theorem 5.2 is proved now.

A  Proof of Theorem 3.1

In this Section we define
W(x,y, F)

1+ |F]P
This should not be confused with (3.5). In terms of B, we can say that W € £, if and only
if B is continuously differentiable in the sense of footnote 4 on page 8 and

C(y)
1+ |F|

B(x,y, F) =

|Br(z,y, F)| < | By(w,y, F)| < C(y) (A1)
for some locally bounded function C(y), depending on W, of course.
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LEMMA A.1. Assume that W € L,. Then, for every r > 0 and € > 0 there exists § > 0 so
that for every @ € Q, y' and y”, and F' and F", such that |y'| <7, |y’| <r, |y —y"| <,

|F/ . F//| s
L+ |F/|+[F7]
we have
|B(z,y', F') — B(xz,y", F")| < e. (A.2)

Proof. Let us first assume that W € L, i.e. inequalities (A.1) are satisfied. Consider any
two sequences |F| — oo and |F)| — oo such that

I
im =0.
n—oo 1+ [F)| + |F}/|
If we prove that o
lim |B(x,y', F.) — B(z,y", F)| < C(r)ly —y"|, (A.3)

n—oo

then (A.2) will follow. Applying Lagrange’s mean-value theorem and (A.1), we obtain

C(r)|F, — F|

B(z,y',F!) — B(xz,y", F")| <
Blaw' F) - Blay' F)| < T

+ Oy —y"l,

where F,, =t,F) + (1 —t,)F) and t,, € [0,1] depends on , ¥y’ and y”. We claim that

F 1
lim ’ n|

_— = A4
we [Fy| + [FY] 2 -

Observe that the sequence F,,/(|F)| + |F)|) is bounded in M. Extracting any convergent
subsequence (not relabeled), we obtain

lim —| Fm
e [+ [FY]

lim LA = lim Fy +t F,— Fy
n—oo |FY| + |FY|  nooo|[Fi| + [FY| " |Fy| + | FY|

Also,
N R | 7
o [+ B~ ne [y |
e TR (0 o £ S
Er =+ 1E7] TR+ 1B S TR R

as n — o0o. But then

, | F,| e L |F” 1
m ———= =< | llm ——— m —— | = =
n—oo |Fy| + [FY| 2 \n—oo |[F)| 4+ |F)| - n—oc |Fy|+|FY|) 2
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The relation (A.4) is satisfied, because the limit (1/2) does not depend on the choice of the
subsequence. Thus,

|F’—F”‘
, ,/ n n
iy o =l B [y _0
n—oo 1 + |Fn| n—0o00 1 | Fo | !

FLHED] T FL I E

and (A.2) is established.
If Wy € L, for each k and By = W /(1 + |F|P) — B in X}, as k — oo then

|B(m7y/aF,) - B(il!,y”,F”)| < |B(£B,y,,F,) - Bk($7y/7F/)|
+ |Bk(m7y/7F/> - Bk<w7y//7F”)| + ‘Bk(wvy”?F,/) - B(way//a FU)|‘

If we choose k£ € N so that
BB — B) < ¢

and ¢ > 0, so that (A.2) holds for By, we get
|B(x,y', F') — B(z,y", F")| < 3e.
Lemma A.1 is proved. [

Suppose now B(x,y,F) € X, and satisfies (A.2). Our goal is to prove that we can
approximate B in X by functions By satisfying (A.1). Let

~

E(m,y,ﬁm) = B(x,y,e"F)
for (z,y, F) € Q x R™ x M and 7 € R. Let
K, ={(z.y. F):z €Q |y[ <r [F| <2}
Then K, is a compact subset of R? x R™ x M.

LEMMA A.2. é(m, Y, ﬁ, 7) is uniformly continuous on K, x R for any r > 0.

Proof. In view of uniform continuity of continuous functions on compact sets, we only need
to prove uniform continuity in 7. For any € > 0, let 6 > 0 be such that (A.2) is satisfied. The
uniform continuity of the hyperbolic tangent implies that there exists ¢’ > 0, such that for
any 7" and 7" satisfying |7 — 7”| < ¢’ we have |tanh((7" — 7")/2)| < J. In that case

|B(z,y, F,7") — B(z,y,F,7")| = |B(z,y,¢" F) — B(z,y,¢” F)| <e,

rn
< tanh(T 2T )’<5.
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Here B denotes the unit ball in R™ x M x R. Let p(y, F',7) € C°(B) be the standard
convolution kernel, i.e. p is non-negative and integrates to 1 over all space. Let

E‘S(w,y,ﬁm) :/é(:f:,y—éz,ﬁ—5H,T—5§)p(z,H,§)dded§ (A.5)
B

be the standard convolution approximation. Then B’ — B uniformly on K, x R, as § — 0.
Indeed, we conclude, using Lemma A.2 that for every (z, H,¢) € B

|B(x,y — 6z, F — 6H, 7 — 6¢) — B(w,y, F,7)| < 3e.
Therefore,

06 =0 F
B(x,y,F) =B (w Yo T
as 0 — 0, uniformly in @ € Q, |y| < r and |F| > 1.

Let Bj(x,y, F) be a sequence of C! functions converging to B uniformly on K, for every
r > 0. Let n(F) € C§°(M) be a cut-off function that is equal to 1 for all |F'| < 1 and to 0 for

all |[F| > 2. We define
Bs(x,y, F) = 1(F)By(®,y, F) + (1 — n(F))B’(x,y, F).

Then Bs — B, as 0 — 0, in Aj.
It only remains to show that By satisfies (A.1). Obviously Bj is continuously differentiable

In |F|) — B(z,y, F), (A.6)

in the sense of footnote 4 on page 8. Hence, we only need to check if B\‘S(m, y, F') satisfies
(A.1) for large values of |F|. Differentiating B°, defined by (A.6), we obtain

~ _ ~ 1 (BL,F)F  BiF
B, F)=B) B F B — —F L A.
y(mayv ) y) F(may7 ) |F’ < ‘F|2 + |F| ) ( 7)
where Ei, E% and B? are evaluated at (x,y, F/|F|,In|F|).
Let us change variables in the convolution formula (A.5).
~ ~ 1 ~ y—=z F-H 7- 13
5 —
B (wvy7F7T>_m/R B<w7'zaH7§>p< 5 5 s ) dZdeg (A8>

mxRxM

Differentiating (A.8) and using the boundedness of B, we obtain the following estimates.
C(r)
5 )

> - Cl(r ~ -~ ~ ~ C(r
By Pl < S By Pl < By Pl < T (ag)

where
C(r) = || Vplly sup sup max max | B(, y, F,7)| = ||Vl ,B2B).

TER Fey YIS 2eQ
Applying estimates (A.9) to formulas (A.7) we obtain

c(r)

~ ~ 3C(r

[F|6

Theorem 3.1 is proved.
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B Proof of Lemma 11.9

First observe that all functions in II are uniformly continuous in the sense of Definition 11.6.
Moreover, uniform continuity is preserved under uniform convergence, i.e. convergence in Cp.
Thus, IT € CY. To prove the reverse inclusion we use the Stone-Cech compactification. The
Stone-Cech compactification SM of M is a compact, Hausdorff topological space, containing
M as a subset. The topology induced on M by the embedding Ml C M has to coincide with
the original (Euclidean) toplogy of M. There are many possible compactifications of M. The
Stone-Cech compactification M is characterized by its universal property: any bounded and
continuous function on M has a unique continuous extension to SM.

LEMmMmA B.1.

(a) Every uniformly continuous function B € CY has a unique continuous extension to

) x GML.

(b) The restriction of every continuous function on Q x BM to Q x M is bounded and
uniformly continuous.

Proof. Part (b) is an immediate corollary of compactness of Q x 3M. To prove part (a), we
observe that by the universal property of the Stone-Cech compactification, for each fixed = €
Q the bounded continuous function M > H +— B(x, H) has a uniquely defined continuous
extension SM 3 b +— é(m, h). Hence, any continuous extension of B from Q x M to Q x fM
must coincide with B (x,h). The uniqueness is proved. The existence will be established, if
we show that B (x,h), which is uniquely defined, is continuous on Q x BM. It is here that
the uniform continuity of B will be used.

Let us fix (x9, ho) € Q x BM. For every € > 0 there exists a neighborhood  of by in SM
such that for every h € U

|§((L‘o7b) - §($0,h0)| < %

Also, by uniform continuity of B(x, H) there exists § > 0 such that for all & € Q, such that
|z — x| <9

sup |B(wmo, H) — B(z, H)| < <.
HeM 2

By definition of B(x, §), we also have

sup |B(xo, H) — B(z, H)| = max | B(zo, h) — B(x, b)|
HeM hesM

for any two points & and x, in Q. Hence, for all (x,h) € B(xo,5) x U we have

|§(£B, h) - E(mU’UON < ’E(CL‘,[]) - E(CEOv b)| + |§(w07 h) - E(ﬂ?g,ho” < €.

20



Lemma B.1 tells us that the closed subspace CY C Cp of uniformly continuous, in the
sense of Definition 11.6, functions is isometrically isomorphic to C'(£2 x SM). Thus, in order
to prove that Il = CY, we can prove that the subspace IT of all finite linear combinations
of functions of the form ¢(x)b(h) are dense in C(€ x BM). This can be accomplished by
the Stone-Weierstrass theorem. Obviously, Il is a subalgebra in C'(Q x SM) that contains all
constant functions. Also, if (@1, h1) # (22, h2) we may easily construct a function ¢(a)b(h)
that takes two different values at these two points, since any compact Hausdorff topological
space is regular (even normal). Hence, the Stone-Weierstrass theorem applies and Lemma 11.9
is proved.

C Construction of the diffeomorphisms f,

Let Q be a C' domain in R?. Let @y € 9. Let B = (Ba(xo,7) — x0) /7, Where Bo(xo, ) =
QN B(xg,r). Let n be the outer unit normal to 0N at &y and let B, = {x € B: (x,n) < 0},
where B is the unit ball in R%.

THEOREM C.1. There exist functions g, € CY(B;;RY) such that g, are diffeomorphisms
between B and B;, and g,(x) — x and Vg,.(x) — I uniformly as r — 0 in the sense that

lim sup |g,(x) — x| = lim sup |Vg,(x) — I| = 0. (C.1)
=0 e =0 neBr

Proof. We may assume without loss of generality that £y = 0 and that the tangent plane to
0 at x( has the equation z; = 0 with outer unit normal n = —ey. Let @' = (21,...,24-1).
Let D,, r > 0 be open neighborhoods of 0 € R%! that are the orthogonal projections of
0Q N B(0,r) onto the tangent plane (identified with R?~1). Therefore D, C B'(0,r), where
B'(a',r) is the ball of radius r in R, centered at @’ € R?"!. There exists 79 > 0 so that the
C' surface 9Q N B(0, ) has the equation x4 = ¢(x'), ' € D,,, where ¢ € C'(D,,) satisfies
»(0) = 0 and V¢(0) = 0. If r is so small that B/(0,r) C D,,, then we can describe domains
D, as

D, ={z ¢ R¥" . |&'|* + ¢(x')? < r?}. (C.2)

In the definition (C.2) ¢(x') is well defined, because || < 7.
For r < rg the domain Bg(0,7) is described as

Bo(0,r) = {(x',24): &' € D,, p(x') < xq < /172 — |2']2}.
Then R
B ={(z',z4): 2 € Dy, ¥,(2') < zg < /12|, }, (C.3)

where D, = D,/r C B C R* ! and v,(2') = r~'¢(rz'). Here B’ denotes the unit ball in
R We observe that
vy, —0, Vi, —0 (C.4)

o1



uniformly in 2’ € B’, as r — 0. When r is sufficiently small for (C.2) to hold we have
D, = {z' e R*": |2']> + 4,(2')? < 1}. (C.5)
Let z € B and y = g,(z) be defined by y = (v, y4) and

, 2z zqg — Yr(2)

VI 6 () 2 (@) T VT (2) = 2eatn(2)

y (C.6)

Let
1

B V1+9.(2)2 — ZZdQﬂT(Z’).

Then uniform convergence of 1,(z’) to 0 implies that k.(z) — 1, as » — 0 uniformly on B.
Therefore, g.(z) converges to z, as r — 0, uniformly on B. We also have

k.(z)

Ok,

92 ke (2)%.(2).

vz’kr(z) - kr(z)3(zd - wr(z,))v¢r<z/)’

These formulas, together with (C.4) show that Vk.(z) — 0, as r — 0 uniformly on B.
Differentiating

9-(2) = k.(2)z — k. (2)Y,(2)eq,

and using (C.4) we conclude that Vg,(z) — I, as r — 0 uniformly on B. Hence, g,(2)
is a diffecomorphism for sufficiently small r and dg,(B,) = g,(08;). Clearly, the surface
zq = U, (2") gets mapped into y; = 0, while the formula

‘ ‘2 _ |z|2 + ¢T(z/>2 - QZdl/}T(zl)
L+ 9,(2')? = 224100 (2')

shows that the surface |z| = 1 gets mapped into |y| = 1. O

The diffeomorphisms f, = g then map B;( ) ONtO B;~ and satisfy (11.13).
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