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Abstract

We present a class of models of elastic phase transitions in any space dimension,
where an abundance of Lipschitz global minimizers in a hard device coexists with a
complete lack of strong local minimizers. The analysis hinges on the proof that every
strong local minimizer in a hard device is also a global minimizer which is applicable
much beyond the chosen class of models. Along the way we show that a new proof
of sufficiency for a subclass of affine boundary conditions can be built around a novel
nonlinear generalization of the classical Clapeyron theorem.

1 Introduction

The phenomenon ofmetastability in elastostatics, manifesting itself through the existence of
strong local minimizers that are not global1, is usually associated with Neumann boundary
conditions (soft device) and linked to the incompatibility of the energy wells [7]. In Dirichlet
problem (hard device) the situation is different and the incompatibility of the energy wells
is not sufficient for metastability. To corroborate this statement we present here a class of
hyperelastic materials with incompatible energy wells for which one can prove the absence
of metastability for any Dirichlet boundary conditions (hard device).

More specifically, we prove for the associated class of vectorial variational problems the
absence of strong local minimizers which are not global on any domain and in any number
of dimensions. For a subclass of such problems, amenable to an especially transparent
analytical treatment, we exhibit a concurrent nonuniqueness of global minimizers. While
the simplest elasticity problem, exhibiting in a hard device both the abundance of global
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1In physics literature the term metastability usually refers to the presence of configurations that are

stable only under sufficiently small perturbations. Here we specify the notion of “small” and interpret
strong local minimizers as configurations minimizing among competitors with deformation fields that are
uniformly close. A more conventional weak local minimizers are configurations minimizing among the
competitors with not only deformations but also deformation gradients that are uniformly close.
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minimizers and the lack of strong local minimizers, is a scalar problem in one dimension [15],
the question whether the effect survives in a multidimensional vectorial setting has been
so far open. The general fact that the elastic energy relaxation can in principle produce
non-uniqueness of optimal microstructures is well-known [38, 22], however, whether such
non-uniqueness extends or not to strong local minimizers is usually difficult to check.

We recall that to ensure uniqueness in nonlinear elasticity, the use of Dirichlet boundary
conditions and the presence of topological, or even geometric simplicity of the domain,
are essential [50, 61, 59]. Uniqueness has been established for star-shaped domains, affine
displacement boundary conditions, and strictly quasiconvex stored energy functions [36, 60].
It was also understood that whether uniqueness holds may depend on the regularity class in
which one looks for a minimizer [37], as well as its integrability class [4, 57, 29]. Instead, for
mixed, Dirichlet-Neumann boundary-value problems of nonlinear elasticity, nonuniqueness
has been found ubiquitous with the most familiar examples being those associated with
buckling and related to the emergence of multiple symmetry-related energy minima [18], but
not only [23]. The possibility of nonuniqueness with purely Dirichlet boundary conditions
is usually associated with quenched inhomogeneity as in problems with residual stresses or
non-zero body tractions [14, 42, 63].

The interest of a simple example considered in this paper stems from the fact that
it exhibits multiplicity of global minimizers in a hard device problem in the absence of
any geometrical complexity of the domain and does not require quenched inhomogeneity.
Furthermore, the obtained non-uniqueness is not due to the scalar nature of the problem
(absence of compatibility constraint) and is unrelated to symmetry related degeneracy as
in the case of Euler buckling. Instead, it is evocative of nonuniqueness in the problems of
microstructure optimization in composites [3, 46, 22, 43].

In this paper we limit our attention to the class of “geometrically linearized” Hadamard
materials which can be viewed as simplified analogs of the fully nonlinear Hadamard ma-
terials [27, 31]. The energy density functions of the latter are of the form

W (F ) = µ|F |2 + h(detF ). (1.1)

Here F is the deformation gradient and µ is the measure of rigidity. The non-negative
function h(d) is defined on (0,+∞) and has the property that h(d) → ∞, as d → 0+.
If we now formally use for the materials (1.1) the “geometric” approximation detF ≈
1 + Tr (F − I), valid in the limit F → I, a formal asymptotic expansion with respect to a
small parameter would necessarily also imply the “physical” linearization which trivializes
the problem. Since our goal is to retain and exploit physical non-linearity, we consider
instead the energy

W (H) = g(TrH) + µ|H|2, H = F − I. (1.2)

which is formally unrelated to (1.1). However, following [33, 10, 32, 1, 2], we can perform
geometric linearization in the second term in (1.2), replacing H with its symmetric part
ε = (H + H t)/2 and, to emphasize the isotropic nature of the resulting energy density,
write the result in the form

W0(H) = f(Tr ε) + µ|dev(ε)|2, dev(ε) = ε− 1

d
Tr (ε)I. (1.3)

2



f(
)

Figure 1: Double-well nonlinearity in a geometrically linear bi-quadratic Hadamard mate-
rial.

Despite the achieved formal simplification, the mathematical features of interest are sim-
ilar in the equilibrium problems for materials with the energies (1.2) and (1.3). We will
therefore, focus on (1.3), knowing that it also preserves at least the linearized version of
the frame indifference property.

We assume that µ > 0 and choose the function f to be nonconvex and have a “double-
well” shape. For additional analytical transparency we will use in our explicit constructions
the bi-quadratic potential

f(θ) = min{κ0θ
2, κ0(θ − θp)

2 + f0}, (1.4)

illustrated in Fig. 1. The ensuing model describes a material capable of undergoing a purely
dilatational phase transformation between elastic phases which are both linearly elastic and
have the same elastic moduli but different reference (chemical) energies. The relaxation in
such elasticity problems is nontrivial and historically has been viewed as a benchmark case
for various mathematical theories of elastic phase transitions [33, 38, 49].

If the energy wells are rank-one connected, the quasiconvexification of a non-convex
energy can be expected to coincide with rank-one convexification and in many cases even
with convexification. Contrariwise, the incompatibility of the wells can be responsible for
a nontrivial structure of the quasiconvex envelope. In this respect the material (1.2) is of
interest because, even though the non-convexity enters (1.3) only through a scalar potential,
the energy wells remain not rank-one connected. This means, for instance, that even if the
energy wells in (1.2) are both at zero energy, not only the relaxed energy is nonzero but
also the optimal microstructures are nontrivial.

The energy density (1.3) is non rank-one convex for all µ > 0, as long as f(θ) is
given by (1.4) [38]. Materials with such energies, loaded in a soft device, are expected to
exhibit constitutive hysteresis, since in this case, due to a weaker constraint imposed by
the Neumann boundary conditions, a broad class of strong local minima should exist [51,
5, 52, 53, 56, 67, 30]. Moreover, under the soft device loading the class of global minimizers
can be expected to be very narrow as homogeneous configurations would outperform all
other competitors. There have been many attempts to solve the soft device problem in
physics literature, see for instance [11] and the references cited therein, however the rigorous
mathematical analysis is still lacking. Setting this problem temporarily aside, we focus in
this paper on the hard device loading and show that in this case the strong local minima
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in the model (1.3) are absent, the quasistatic mechanical response is defined uniquely, and
the deformation path is reversible, as it corresponds to global minimization of the total
energy at each value of the loading parameter. The associated stress-strain relation can
be obtained from the knowledge of the quasiconvex envelope of the energy (1.3); the latter
can be characterized explicitly in the whole range of parameters for all double-well shaped
potentials2 f(θ). Here, to make the paper self-contained, we compute the relaxation of the
energy (1.3) using simple laminates as the optimal microstructure; a different proof of the
same result, based on matching of upper and lower bounds, was previously given in [26].

The most important general (not energy-specific) result obtained in this paper is the
formulation of the necessary and sufficient conditions for global minimizers in star-shaped
domains with affine boundary conditions. Its proof contains new tools for characteriz-
ing energy minimizing configurations in the problems where the energy relaxation, or at
least the elastic binodal, is explicitly known. An important technical lemma in the associ-
ated analysis is a fundamental nonlinear generalization of the classical Clapeyron theorem3

which links the energy of the equilibrium configuration with the work of the (generalized)
forces on the boundary of the body. Combining Clapeyron’s theorem with affine boundary
conditions and local material stability (quasiconvexity) we obtain the inequality establish-
ing global minimality of all stationary locally stable configurations in star-shaped domains.
These results may be viewed, in a more general perspective, as an extension of optimality
conditions for extremal microstructures in composites (e.g. [22]).

To demonstrate the utility of the obtained necessary and sufficient conditions we show
that one can reduce the problem of finding a global minimizer for the energy (1.3) in a
finite domain, to the solution of a nonlinear free boundary problem involving a system of
linear PDEs. It is remarkable that the solution of such a general problem can be found
explicitly for any double-well scalar potential f(θ). The degeneracy in this problem, ex-
plained by the fact that the optimality conditions do not place very stringent constraints on
the displacement gradient in an optimal configuration, is behind the multiplicity of global
minimizers. We show however, in Appendix B, that topologically simple energy minimiz-
ers which maintain the symmetry of the domain may fail to exist in some domains with
corners.

Our analysis of optimal microstructures suggests that, despite the unavailability of the
constitutive hysteresis in the considered class of problems, the direct and the reverse trans-
formation may follow morphologically different paths in the real physical space. Therefore,
despite the absence of metastability, one may expect “morphological hysteresis”, whereby
the loading and unloading occur along different morphological paths. The fact, that along
such paths the system traverses distinct but energetically equivalent configurations, may
be of interest in applications if one could design a way of biasing one of the paths through,
say, imposing additional control on the gradients.

The paper is organized as follows. In Section 2 we compute the quasiconvexification of
the energy density (1.3), and use the result to prove the absence of strong local minimizers

2In fact, the quasiconvex envelope of the energy can be characterized for all continuous potentials f(θ)
that are bounded from below.

3The necessity of Clapeyron theorem-type formula in the study of uniqueness in the Dirichlet setting
was first realized by Knops and Stuart in [36].
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that are not global in any domain and for any Dirichlet type boundary conditions. The
necessary and sufficient conditions for global minimizers are formulated in Section 3. The
issue of attainment and the multiplicity of global minimizers in our model are discussed
in Section 4. The last Section 5 summarizes the results and presents conclusions. Our
Appendix A contains a technical discussion of the generic loss of strict ellipticity of the
rank one convexification of an energy density. In Appendix B we show the non-existence
of square-symmetric simply connected inclusion minimizing the energy in the square.

2 Local minimizers

Given that the case of interest involves hard device loading, we study strong local and
global minima of the functional

E0(u) =
∫

Ω

{
f(∇ · u) + µ

∣∣∣∣e(u)−
1

d
(∇ · u)I

∣∣∣∣
2
}
dx (2.1)

among all Lipschitz displacement vector fields u ∈ W 1,∞(Ω;Rd) subject to the constraint

u(x) = u0(x), x ∈ ∂Ω. (2.2)

Here u0(x) is a given Lipschitz function on ∂Ω, and Ω ⊂ R
d denotes a Lipschitz domain.

Restricting attention to Lipschitz minimizers allows us to focus on instabilities caused by
failure of quasiconvexity [48, 12] and exclude some other instabilities related, for instance,
to the mismatch between the integrability of the minimizing sequences and the growth of
the energy density at infinity [6].

First we recall that one of the necessary conditions of strong local minimality is stability
with respect to nucleation of a coherent precipitate of the new phase in the interior of the
old phase. That means that we must have∇u(x) ∈ A, for a.e. x ∈ Ω, [61, Proposition 4.1],
where

A = {H ∈ M : W0(H) = QW0(H)}, (2.3)

and where M denotes the set of all d× d matrices and QW0(H) is the quasiconvexification
of W0 [12].

In this paper we show that if u(x) is a weak solution of the Euler-Lagrange equation
for the energy (2.1) with the boundary conditions (2.2) and satisfies ∇u(x) ∈ A for a.e.
x ∈ Ω then it is necessarily a global minimizer for E0(u).

Before we move to the actual analysis, it is appropriate to mention that we are not
aware of any examples of proper metastable states in a hard device in domains with trivial
topology. Moreover it has been proved for general energies that every strong local minimizer
is global in the hard device with affine Dirichlet boundary conditions in star-shaped domains
[60]. In our special example, the same result turns out to be true for all Dirichlet boundary
conditions in domains with piecewise smooth boundaries and arbitrary topology.

The first step of the analysis is to characterize the set A of admissible displacement
gradients for the chosen material model. It can result from the computation of QW0(H)
which in our case can be done explicitly.
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Theorem 2.1. Suppose that W0(H) is given by (1.3). Then,

QW0(H) = Φ∗∗(TrH) +
µ

4
|H −H t|2 − 2µJ2(H), (2.4)

where

Φ(θ) = f(θ) +
d− 1

d
µθ2, (2.5)

2J2(H) = (TrH)2 − Tr (H2) = 2
∑

i<j

∣∣∣∣
hii hij

hji hjj

∣∣∣∣ (2.6)

is a quadratic null-Lagrangian, and Φ∗∗ denotes the convexification of Φ(θ).

Proof. It will be convenient to start with the well known definition of quasiconvexification
of an arbitrary energy density function W (H) using periodic functions [12]:

QW (H) = inf
φ−Q-periodic

−
∫

Q

W (H +∇φ(x))dx, (2.7)

where Q = [0, 1]d. The computation of QW0 is based on the following formula

∣∣∣∣e(u)−
1

d
(∇ · u)I

∣∣∣∣
2

=
d− 1

d
(∇ · u)2 + 1

4
|∇u− (∇u)t|2 − 2J2(∇u). (2.8)

Let u(x) = Hx+ φ(x). Then

−
∫

Q

W0(∇u)dx = −2µJ2(H) +−
∫

Q

(
Φ(∇ · u) + µ

4
|∇u− (∇u)t|2

)
dx. (2.9)

Since Φ∗∗(θ) ≤ Φ(θ) for all θ ∈ R, we obtain the inequality

−
∫

Q

W0(∇u)dx ≥ −2µJ2(H) +−
∫

Q

(
Φ∗∗(∇ · u) + µ

2
|∇u− (∇u)t|2

)
dx.

Now applying the Jensen’s inequality we get:

−
∫

Q

W0(∇u)dx ≥ −2µJ2(H) + Φ∗∗(TrH) +
µ

4
|H −H t|2. (2.10)

Therefore,

QW0(H) ≥ −2µJ2(H) + Φ∗∗(TrH) +
µ

4
|H −H t|2. (2.11)

In order to prove equality, we need to exhibit a periodic function φ such that ∇φ = (∇φ)t

and

−
∫

Q

Φ(∇ · φ(z) + TrH)dz = Φ∗∗(TrH). (2.12)

If Φ(θ), given by (2.5) is convex4, then the original energy W0(H) is quasiconvex (polycon-
vex, actually), and formula (2.4) holds. The case of interest is therefore when Φ(θ) retains

4This is never the case for the potential (1.4).
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Figure 2: Definition of θ1 < θ2 via the common tangent construction.

the double-well shape, in which case Φ∗∗(θ) = Φ(θ) if and only if θ 6∈ (θ1, θ2), as in Fig. 2.
For example, for the potential (1.4) we find

θ1 =
1

2

(
f0
κ0θp

+
(d− 1)µθp

dκ0 + (d− 1)µ

)
, θ2 = θp +

1

2

(
f0
κ0θp

− (d− 1)µθp
dκ0 + (d− 1)µ

)
. (2.13)

Thus, if TrH 6∈ (θ1, θ2), then φ = 0 attains equality in (2.10). If TrH ∈ (θ1, θ2), then
there exists ω ∈ (0, 1) such that

TrH = ωθ1 + (1− ω)θ2. (2.14)

In order to attain equality in (2.10) we need to split the period cell Q = [0, 1]d into two
subsets A1, of volume ω and A2 of volume 1− ω such that

∇ · u(x) = θ1χA1
(x) + θ2χA2

(x) (2.15)

for all x ∈ Q. This is easily achieved with a laminate construction with A1 = [0, ω]× [0, 1]2

and A2 = [1− ω, 1]× [0, 1]2 and function ∇φ being symmetric and piecewise constant:

∇φ(x) = M1χA1
(x) +M2χA2

(x).

The symmetric matrices M1 and M2 are easily found from the periodicity of φ(x), that is
equivalent to −

∫
Q
∇φ(x)dx = 0, and (2.15):

M1 = (1− ω)[[θ]]e1 ⊗ e1, M2 = −ω[[θ]]e1 ⊗ e1,

where [[θ]] = θ1 − θ2. These choices guarantee equality in (2.12).

We remark that the set A1 in the proof above can be completely arbitrary, aside from
the volume constraint |A1| = ω. The corresponding periodic function φ is then given in

terms of its Fourier coefficients φ̂(k) = [[θ]]χ̂A1
(k)k/(2πi|k|), if k 6= 0, and φ̂(0) = 0. The

absence of any restrictions on the shape and location of the phases in this context is often
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referred to as Bitter-Crum theorem [17, 41, 38, 20]. For the case when f(θ) is a minimum of
two quadratic functions the obtained expression for the relaxed energy can be deduced from
the more general results of Khachaturyan [54, 34, 55, 64], Pipkin [49], and Kohn [38]. Our
proof, however, which applies to arbitrary nonlinear choices of f(θ), is different. It relies on
the universal extraction of the null Lagrangian part of the energy which is characteristic for
the whole class of considered problems. The ideas behind our approach come from the very
heart of classical calculus of variations [66]. A similar technique, called the “translation
method” is also broadly used to obtain optimal bounds on effecitve moduli in the theory
of composites [47].

Corollary 2.2.

A = {H ∈ M : TrH 6∈ (θ1, θ2)}. (2.16)

The constructed energy density QW0(H) is obviously polyconvex, and coincides with
RW0(H), the rank-1 convexification of W0(H). Indeed, as we see from the proof of The-
orem 2.1, the infimum in (2.7) can be achieved by a simple laminate. In view of the
simplicity of the optimal microstructures, one can post factum conclude that computing
QW0(H) explicitly was not really necessary for the characterization of the set A. We could
also delineate it by using inequality (2.10) and relying on the knowledge and properties of
the jump set introduced in [24, 25]. Indeed, inequality (2.10) implies that all H satisfying
Φ∗∗(TrH) = Φ(TrH) are admissible, i.e. {H ∈ M : TrH 6∈ (θ1, θ2)} ⊂ A. We can
then show that all H with θ1 < TrH < θ2 fail rank-one convexity by looking for pairs
H± of the displacement gradient values that can occur on the two sides of a smooth jump
discontinuity representing a phase boundary. We recall, [24], that these matrices satisfy
the equations

[[H ]] = a⊗ n, [[WH ]]n = 0, [[WH ]]ta = 0, [[W ]] = 〈{{WH }}, [[H ]]〉, (2.17)

where

[[H ]] = H+ −H−, {{WH }} =
1

2
(WH(H+) +WH(H−)).

We have shown in [26] that the jump set for the energy (1.3) consists of the union of two
hyperplanes

J− = {H ∈ M : TrH = θ1}, J+ = {H ∈ M : TrH = θ2},

so that if TrH− = θ1, then the set of corresponding H+ is a projective plane worth of
points

H+ = H− + (θ2 − θ1)n⊗ n, |n| = 1.

As we have already remarked, inequality (2.10) implies that J± ⊂ A.
The lemma formulated below, which is valid for general energy densities W (F ), shows

that our results from [25] imply that all matrices Ht = tH+ +(1− t)H− would also fail to
be rank-one convex for all t ∈ (0, 1), proving equality (2.16), as the line segments Ht cover
all points H , satisfying θ1 < TrH < θ2.

Lemma 2.3. Suppose H± is a corresponding pair of points on the jump set J of the energy
density function W (H). Suppose that
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(i) W (H) ≥ W (H−)+ 〈P−,H −H−〉 for any matrix H, such that rank(H−H−) = 1,
where P− = WH(H−);

(ii) None of the matrices Ht = tH++(1−t)H−, t ∈ (0, 1) satisfies the jump set equations
(2.17) with H− as the corresponding pair.

Then all of the matrices Ht, t ∈ (0, 1) must fail rank-one convexity in the sense that they
must fail to satisfy the inequality

W (H) ≥ W (Ht) + 〈Pt,H −Ht〉 ∀H : rank(H −Ht) = 1, (2.18)

where Pt = WH(Ht).

Proof. Suppose, with the goal of getting a contradiction, that (2.18) holds. Then, since
matrices H−, Ht and H+ all lie on the same rank-one line, we obtain

W (H−) + t〈P−, [[H ]]〉 ≤ W (Ht) ≤ W (H+)− (1− t)〈Pt, [[H ]]〉.

Now, using the jump set equations (2.17), we obtain

(1− t)(〈P−, [[H ]]〉 − 〈Pt, [[H ]]〉) ≥ 0.

Using the fact that Ht −H− = t[[H ]] we obtain

〈Pt − P−,Ht −H−〉 ≤ 0. (2.19)

The variational significance of inequality (2.19), called the phase interchange stability in-
equality, was understood in [25], where, according to [25, Lemma 4.1], the pair of rank-one
related matrices H− and Ht would have to satisfy the jump set equations (2.17), in con-
tradiction with the assumption (ii) of the lemma. Thus, the assumption that (2.18) holds
cannot be true, and all matrices Ht, t ∈ (0, 1), must fail to be rank-one convex.

Remark 2.4. The energy density QW0(H) = RW0(H) is non-convex as it has a double-
well shape along the multiples of I, specifically, QW0(εI) = Φ∗∗(dε) − d(d − 1)µε2. This
shows that its bulk modulus is negative in the interval θ ∈ (θ1, θ2), where θ1 and θ2 are
given by (2.13) for the bi-quadratic material model (1.4). Moreover, the value of this
modulus is constant and equal to −2(d − 1)µ/d, cf. [10], which corresponds exactly to
the threshold for the loss of strong ellipticity of the equilibrium equations (saturation of
the Legendre-Hadamard conditions). This is associated with the generic degeneration of
the acoustic tensor along rank one envelopes as we explain in our Appendix A. Note also
that the vanishing of the velocity of the longitudinal waves turns our phase mixture into an
elastic æther [16, 9, 21].

We are now ready to show that for a class of energies W (H) to which our example
belongs all strong local minimizers in a hard device (Dirichlet boundary conditions) must
be global. The first observation, leading to this result is that any two energies W and
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W ′ that have one and the same quasiconvex envelope are equivalent as far as existence of
metastable states are concerned. This is because for any metastable state u

∫

Ω

W (∇u)dx =

∫

Ω

QW (∇u)dx.

Thus, any metastable configuration for W is also metastable for QW . Theorem 2.1 shows
that our energy has the property

QW (H) = N(H) + C(H), (2.20)

where N(H) is a null-Lagrangian and C(H) is convex and C1 smooth.

Theorem 2.5. Let W (H) be the energy density satisfying (2.20). Then any Lipschitz
strong local minimizer of

∫
Ω
W (∇u)dx with prescribed Dirichlet boundary conditions is a

global minimizer.

Proof. Let v be a Lipschitz competitor that agrees with u on ∂Ω. Then

∫

Ω

N(∇v)dx =

∫

Ω

N(∇u)dx, C(∇v) ≥ C(∇u) + 〈CH(∇u),∇(v − u)〉. (2.21)

Since u is an equilibrium we have

0 = ∇ ·WH(∇u) = ∇ ·QWH(∇u) = ∇ ·NH(∇u) +∇ · CH(∇u) = ∇ · CH(∇u).

The equality ofWH(H) = QWH(H) for anyH ∈ A follows from the fact that the function
W (H) − QW (H) is nonnegative, C1 smooth and attains its minimum value of 0 at all
H ∈ A. Now, the integration by parts in the second term on the right-hand side in the
inequality in (2.21) implies

∫
Ω
C(∇v)dx ≥

∫
Ω
C(∇u)dx. It follows that

∫

Ω

QW (∇v)dx ≥
∫

Ω

QW (∇u)dx.

Remark 2.6. An important observation was made by Sivaloganathan and Spector in [58]
that C(H) does not need to be convex for inequality in (2.21) to hold. In fact, as the
authors show, it is only required that C∗∗(∇u(x)) = C(∇u(x)) for all x ∈ Ω, i.e. C(H)
agrees with its convex hull at all values of ∇u.

3 Global minimizers

In this section we temporarily switch to a more general setting. For instance, we assume
that the “deformation” y is a vector field y : Ω → R

m. In fact, the analysis presented
below does not depend on either dimension of x space or the dimension of y space. It also
does not depend on the specific form of W (F ).
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Consider the problem of attainment in the definition of the quasiconvex envelope

QW (F ) = inf
y∈Fx+W 1,∞

0
(Ω;Rm)

−
∫

Ω

W (∇y)dx, (3.1)

where Ω ⊂ R
d is a star-shaped Lipschitz domain. Below we show that Lipschitz equilibrium

configurations for (3.1) must be global minimizers, provided they satisfy the necessary
conditions for metastability and are sufficiently regular near ∂Ω.

Recall first the well-known necessary conditions for Lipschitz strong local minima of
variational functionals. The first classical necessary condition is the Euler-Lagrange equa-
tion

∇ · P (∇y) = 0, P (F ) = WF (F ), (3.2)

which even weak local minimizers have to satisfy. The second, is the Noether equation

∇ · P ∗(∇y) = 0, P ∗(F ) = W (F )Id − F tP (F ). (3.3)

We recall that if y(x) is of class C2 then (3.3) is a consequence of (3.2), while there are
Lipschitz configurations satisfying (3.2), but not (3.3). For instance, the Maxwell relation,
which is the last equation in (2.17), is a consequence of (3.3), but not of (3.2).

Definition 3.1. A configuration y ∈ W 1,∞(Ω;Rm) is called stationary if it satisfies both
(3.2) and (3.3).

The third classical necessary condition is quasiconvexity ∇y(x) ∈ A for a.e. x ∈ Ω,
where A is defined in (2.3). It was shown in [25] that for configurations, whose only
singularities are smooth phase boundaries the combination of (3.2) and quasiconvexity
implies stationarity. In general, however, an example in [40] shows that there could be weak
local minimizers for strictly quasiconvex energies that are not strong local minimizers; we
conjecture that the configuration in [40] fails stationarity.

It turns out that in the case of affine boundary conditions in a star-shaped domain, the
three necessary conditions formulated above are sufficient for y(x) to be a global minimizer,
provided we assume its regularity near the boundary of the domain.

Theorem 3.2. Let Ω ⊂ R
d be a star-shaped domain with a Lipschitz boundary. Assume

that

(i) y : Ω → R
m is Lipschitz continuous,

(ii) y solves (3.2) and (3.3) in the sense of distributions,

(iii) ∇y(x) is locally stable for a.e. x ∈ Ω,

(iv) y(x) = Fx for all x ∈ ∂Ω,

(v) There exists ǫ > 0, such that y ∈ C1(Ωǫ;R
m), where Ωǫ = {x ∈ Ω : dist(x, ∂Ω) < ǫ}.

Then y(x) is the global minimizer in (3.1), i.e.
∫

Ω

W (∇y)dx = |Ω|QW (F ). (3.4)

11



Proof. While each ingredient of the proof presented below was in one way or another already
present in the uniqueness proof of Knops and Stuart [36], our theorem is new, since it does
not assume that the energy density W (F ) is quasiconvex. The idea is to express the energy
of an equilibrium configuration as a boundary integral using a far reaching generalization
of a formula in [36] which, by itself, can be viewed as a nontrivial nonlinear generalization
of the classical Clapeyron theorem5

Lemma 3.3. Suppose y(x) is a Lipschitz stationary equilibrium in a Lipschitz domain Ω.
Then

E[y] =

∫

Ω

W (∇y) =
1

d

∫

∂Ω

{Pn · y + P ∗n · x}dx, (3.5)

where Pn and P ∗n can be regarded as trace functionals, since they act on Lipschitz func-
tions y(x) and x, respectively.

Proof.
∫

∂Ω

P ∗n · xdS =

∫

Ω

〈P ∗,∇x〉dx =

∫

Ω

Tr (P ∗)dx = d

∫

Ω

W (∇y)dx−
∫

Ω

〈P ,∇y〉dx.

Equation (3.5) follows from
∫

Ω

〈P ,∇y〉dx =

∫

∂Ω

Pn · ydS.

We now apply formula (3.5) for the energy of y(x). Using the boundary condition (iv)
and the assumption (v) we have at all x ∈ ∂Ω

∇y = F + a⊗ n, a =
∂y

∂n
− Fn.

We therefore compute

dE[y] =

∫

∂Ω

(W (F + a⊗ n)− P (F + a⊗ n)n · a)(n · x)dS

next, we use the local stability condition (iii) and appeal to [25, Lemma 4.2]. We quote
the part of the lemma we need for the sake of completeness.

Lemma 3.4. Let V (F ) be a rank-one convex function such that V (F ) ≤ W (F ). Let

AV = {F ∈ O : W (F ) = V (F )},

where O is an open subset of M on which W (F ) is of class C1. Then for every F ∈ AV ,
u ∈ R

m, and v ∈ R
d

V (F + u⊗ v) ≥ W (F ) + P (F )v · u. (3.6)

5The classical Clapeyron theorem in linear elasticity states that the elastic energy E[u] =
(1/2)

∫
Ω
〈C(x)e(u), e(u)〉dx of an equilibrium configuration can be computed by the formula E[u] =

(1/2)
∫
∂Ω

σn · udS, where σ = C(x)e(u) is the stress tensor, [19].

12



We now apply Lemma 3.4 by choosing V (F ) to be QW (F ). By assumption (iii) for
each x ∈ ∂Ω the field ∇y(x) = F +a⊗n is in AV . Choosing u⊗ v = −a⊗n, inequality
(3.6) becomes

QW (F ) ≥ W (F + a⊗ n)− P (F + a⊗ n)n · a. (3.7)

Finally, we use the assumption of Ω being star-shaped. If we choose the origin at the star
point, then the function n(x) · x is always non-negative at all points on ∂Ω. Therefore,
inequality (3.7) implies

dE[y] ≤ QW (F )

∫

∂Ω

(n · x)dS = d|Ω|QW (F ).

Since |Ω|QW (F ) is the minimal value of E[y] we conclude that E[y] = QW (F ), and y(x)
is the global minimizer.

4 Multiplicity of global minimizers

The absence of strong local minimizers in hard device with affine boundary conditions
demonstrated in the previous section leaves the question of the characterization of all
global minimizers in

QW0(H0) = inf
u|∂Ω=H0x

−
∫

Ω

W0(∇u)dx, (4.1)

where W0(H) is defined in (1.3). We remark that the construction of the periodic laminate
in Section 2 provides us with a minimizing sequence in (4.1) in arbitrary domains. In
this section we raise the question of attainability of the minimum in (4.1). In this regard,
laminates can no longer be used because the boundary conditions

u(x) = H0x, x ∈ ∂Ω (4.2)

are inconsistent with ∇u taking exactly two specific values almost everywhere in Ω. We
will therefore attempt to find energy minimizers using the sufficiency conditions from The-
orem 3.2. In fact, we only need to find solutions u(x) of (3.2) that satisfies (4.2) while
respecting the stability condition

∇ · u(x) 6∈ (θ1, θ2) for a.e. x ∈ Ω. (4.3)

Let φ(x) = u(x)−H0x. Then (3.2) can be written in terms of φ as follows

µ∆φ+∇Φ′(∇ · u) = µ∇(∇ · φ), x ∈ Ω. (4.4)

Integrating the dot product of φ(x) and (4.4) by parts we obtain
∫

Ω

{
µ(|∇ · φ|2 − |∇φ|2)− Φ′(∇ · u)∇ · φ

}
dx = 0.

Now we use the algebraic identity

|∇ · φ|2 − |∇φ|2 = 2J2(∇φ)− 1

2
|∇φ− (∇φ)t|2

13



and the fact that J2(∇φ) given by (2.6) is a null-Lagrangian to obtain
∫

Ω

{µ
2
|∇φ− (∇φ)t|2 + Φ′(∇ · u)∇ · φ

}
dx = 0. (4.5)

Now let us show that (4.3) implies that
∫

Ω

Φ′(∇ · u)∇ · φ(x)dx ≥ 0. (4.6)

Indeed, from the geometric interpretation of θ1 and θ2 (as the points of common tangency
) we conclude that in view of (4.3) we can write

Φ(∇ · u(x)) = Φ∗∗(∇ · u(x)) (4.7)

for a.e. x ∈ Ω. For a convex function Φ∗∗(θ) the tangent line to the graph of that function
lies always below the graph which means that

Φ∗∗(η) ≥ Φ′(θ)(η − θ) + Φ(θ)

for any η ∈ R and any θ 6∈ (θ1, θ2). Substituting η = TrH0 and θ = ∇ · u(x) we obtain

Φ′(∇ · u(x))∇ · φ(x) ≥ Φ(∇ · u(x))− Φ∗∗(TrH0) = Φ∗∗(∇ · u(x))− Φ∗∗(TrH0)

for a.e. x ∈ Ω. Now (4.6) follows from Jensen’s inequality for a convex function Φ∗∗(θ)
and the fact that

1

|Ω|

∫

Ω

∇ · u(x)dx = TrH0. (4.8)

Now, inequality (4.6) together with (4.5) imply that ∇φ = (∇φ)t. Therefore,

0 = ∇ · (∇φ− (∇φ)t) = ∆φ−∇(∇ · φ). (4.9)

Thus, (4.4) implies that ∇Φ′(∇ · u) = 0, and there exists a constant P0, such that

Φ′(∇ · u) = P0. (4.10)

The constraint (4.3) then implies that either ∇·u = θ0 is a constant function in Ω, or that
P0 = Φ′(θ1) = Φ′(θ2), in which case there exists a subset A of Ω such that

∇ · u(x) = θ1χA(x) + θ2χΩ\A(x), (4.11)

where θ1 < θ2 are the endpoints of the interval {θ ∈ R : Φ∗∗(θ) < Φ(θ)} (see Fig. 2).
Recalling (4.8) we conclude that we must have ∇ · u = TrH0, if TrH0 6∈ (θ1, θ2). But
then ∇ · φ = 0, and thus, according to (4.9), φ solves ∆φ = 0 in Ω, with φ = 0 on ∂Ω.
It follows that φ = 0 and we conclude that u(x) = H0x is the only equilibrium satisfying
(4.3).

If TrH0 ∈ (θ1, θ2), then in addition to u(x) = H0x we may have other solutions
satisfying (4.11), in which case it is convenient to introduce the scalar parameter

ω =
|A|
|Ω| =

TrH0 − θ2
θ1 − θ2

, (4.12)
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Figure 3: Morphological hysteresis showing two different morphologies of phase arrange-
ments corresponding to 10% volume fraction of phase 2 (ω = 0.1), shown in yellow. In
the left panel nucleation starts at the center. In the right panel nucleation starts at the
boundary.

which represents the volume fraction of the phase in which ∇ · u(x) = θ1.
If, in addition, Ω is simply connected, then there exists a scalar potential h ∈ W 2,2

0 (Ω),
such that φ = ∇h. In terms of the potential h we obtain a free boundary problem

{
∆h = (θ1 − θ2)(χA(x)− ω), x ∈ Ω

h ∈ W 2,2
0 (Ω).

(4.13)

As formulas (4.12), (4.13) indicate, the volume fraction ω of the precipitate is uniquely
determined by the hard device loading H0, whose shear component has no effect on the
precipitate morphology. While (4.13) looks like a Cauchy problem for the Poisson equation,
the right-hand side in (4.13) is not fixed and the problem would be solved if we can find
the shape A of the inclusion for which the solution of the Dirichlet problem has the correct
Neumann boundary conditions.

In fact, a solution of (4.13) can be easily found in explicit form for some particularly
simple domain geometries. For instance, it is easy to construct a radially symmetric solution
when Ω is the unit ball, taking the set A to be either the concentric ball of radius r0 = ω1/d,
or its complement, in which case r0 = (1− ω)1/d. Then (4.13) is solved by h(x) = hω(|x|),
given by

hω(r) =





1

2d
(θ1 − θ2)(1− ω)

(
r2 − d(ω2/d − ω)

(d− 2)(1− ω)

)
, 0 ≤ r ≤ ω1/d

− 1

2d
(θ1 − θ2)ω

(
r2 +

2

(d− 2)rd−2
− d

d− 2

)
, ω1/d ≤ r ≤ 1,

(4.14)

in the former case. In the latter case, h(x) is given by the same formula (4.14) where θ1 and
θ2 are interchanged and ω is replaced by 1−ω, i.e. h(x) = −h1−ω(|x|). These two optimal
configurations with the same energy are illustrated in Fig. 3. With the increase of the
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volume fraction ω the nucleus in the left panel (colored in yellow) will grow outward while
the nucleus in the right panel (also colored in yellow) will grow inward. At ω = 1 both
transformation terminate as the second phase completely takes over the whole domain.
Note that the associated morphological mechanisms of such phase transformations, which
start and end in the same configurations and proceed through energetically equivalent
states, are nevertheless different.

The “concentric sphere” solution (4.14) can be used to construct an infinite family of
solutions in any other Lipschitz domain. This can be done using the so-called Hashin’s
“concentric sphere” construction, [28]. In this construction the set A is a countable union
of variously scaled copies of the radially symmetric solution (4.14) filling Ω up to a set of
Lebesgue measure zero. Let B(xi, ai) ⊂ B(xi, Ri), i = 1, 2, . . . are the concentric balls used
in Hashin’s construction, where

adi
Rd

i

= ω.

The inner balls B(xi, ai) in the construction belong to the set A, while the spherical shells
B(xi, Ri) \B(xi, ai) belong to Ω \A. The function h(x) restricted to the ball B(xi, Ri) is
given by

h(x) = R2
i hω

( |x− xi|
Ri

)
, x ∈ B(xi, Ri),

where hω is given by (4.14). The function h(x) defined like this on each of the concentric
balls does indeed solve (4.13), since on the boundary of each ball B(xi, Ri) both h(x) and
∇h(x) are zero.

It is intuitively clear that the “concentric sphere” construction in a non-circular domain
will have an infinite surface area (for the formal proof see [44, 65]), which is unacceptable in
the physically realistic contexts where phase boundaries (surfaces of gradient discontinuity)
carry additional surface energy. For this reason one may be interested whether other
optimal microstructures with finite surface area exist as well. In some cases, when the
domain Ω is sufficiently simple, such low surface energy alternatives are indeed known to
exist. For example, if Ω is an ellipsoid, then the low-surface-area minimizer A is a confocal
ellipsoid (or its complement) [8, 45, 62, 68, 22]. However, if Ω is more complex, for instance,
a square, the low-surface-area minimizer, if it exists, may be topologically nontrivial. To
corroborate this claim, we show in Appendix B that in the case of a square domain an
optimal inclusion with square symmetry and simple topology does not exist.

5 Conclusions

In this paper we considered a classical problem of nonlinear elasticity for a geometrically
linear material undergoing purely volumetric phase transition. Mathematically this phys-
ical problem reduces to a non-convex vectorial problem of the calculus of variations. In
this framework we presented a simple, yet non-trivial example for which the absence of
metastability in a hard device coexists with a wild nonuniqueness of global minimizers.

Metastability in elastostatics, understood as the existence of strong local minimizers
that are not global, is ubiquitous as hysteresis is a typical phenomenon accompanying
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martensitic phase transitions. While for the Neumann boundary conditions the existence
of such local minimizers is indeed common, as its existence can be linked to the generic
incompatibility of the energy wells, here we showed that for the Dirichlet boundary con-
ditions the incompatibility of the wells does not necessarily cause “metastability”. More
specifically, we have presented an explicit example of the energy density of a hyperelastic
material with non-rank-one convex, double-well energy and non-rank one connected energy
wells, for which we could prove the lack of strong local minimizers which are not global
on any domain and for any Dirichlet boundary conditions. The analytical transparency of
our arguments was due to the utmost simplicity of the chosen energy density which is both
geometrically linear and isotropic.

For the same material model we could fully characterize the necessary and sufficient
conditions defining global energy minima in hard device loading. The obtained conditions
allowed us to reveal the multiplicity of global minimizers with the associated nonuniqueness
unrelated to either objectivity or crystallographic symmetry. As an important element of
this analysis we used a novel way of expressing the energy of equilibrium configurations
as boundary integrals which can be viewed as a nontrivial nonlinear generalization of the
classical Clapeyron theorem.

While we showed that the relaxation (quasi-convexification) of the energy in our model
can be achieved by simple lamination or coated sphere construction, these optimal mi-
crostructures are hardly physical as the associated surface area is infinite. In real physical
situations finite surface energy plays the role of the selection mechanism among otherwise
energetically equivalent configurations [35, 39, 13], ruling out constructions with infinite
surface area discussed in this paper. Therefore, of particular interest in physical appli-
cations are global minimizers with finite surface area, and, to demonstrate the existence
of such minimizers, we explicitly computed a one-parameter family of non-affine energy
minimizing configurations for the case of a finite domain with smooth boundary. An inter-
esting aspect of the obtained solution is that, despite the absence of metastability and the
associated constitutive hysteresis, it shows that the direct and the reverse transformation
may follow different morphological paths while traversing energetically equivalent configu-
rations. The possibility of such a morphological hysteresis may be found advantageous in
applications if the ways of manipulating the microstructure, beyond the scale and range of
classical continuum elasticity, are employed.
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A The degeneracy of acoustic tensors of rank-one en-

velopes

Here we prove that the acoustic tensor of a rank-one convex envelope RW of the non rank-
one convex energy must have a degenerate direction at all points F0 where RW (F0) <
W (F0). We also show that in particularly simple situations, such as the one discussed in
this paper, this property may be even sufficient to compute the whole rank-one convex
envelope.

We recall that the acoustic tensor of the energy W (F ) at F = F0 in the direction n is
a quadratic form A(n) defined by

A(n)a · a = 〈WFF (F0)(a⊗ n),a⊗ n〉.

Theorem A.1. Let F0 be fixed and suppose RW (F0) < W (F0), where RW denotes the
rank-1 convexification of W . Assume further that W and RW are C2 near F0. Let A0(n)
be the acoustic tensor of RW at F0. Then there is a direction n such that detA0(n) = 0.

Proof. Assume that there is no such direction n. Since RW is necessarily rank-1 convex
we can conclude that for any direction n the matrix A0(n) is positive semidefinite. Since
the function n 7→ A0(n) is continuous there exists a positive number α such that for every
unit vector n

A0(n) ≥ αI.

Since RW ∈ C2 near F0 there exists a number δ > 0 such that for every F satisfying
|F − F0| < δ the following inequalities hold:

1. A(n) ≥ 1

2
αI, where A(n) is the acoustic tensor of RW at F .

2. W (F )−RW (F ) ≥ 1

2
(W (F0)−RW (F0)) = β > 0.

Now consider a function

Tǫ(F ) = RW (F ) + ǫφ

(
F − F0

4
√
ǫ

)
,

where φ is a smooth nonnegative function supported on the unit ball in M and such that
φ(0) = 1. We can choose ǫ so small that the following inequalities hold:

1. ‖ǫφ‖L∞ <
1

2
β,

2. ‖√ǫ∇F∇Fφ‖L∞ ≤ 1

4
α,
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3. supp φ
(

F−F0
4
√
ǫ

)
⊂ B(F0, δ), where B(F0, δ) is the ball of radius δ around F0 in M.

Then Tǫ(F ) ≤ W (F ) and the acoustic tensor Aǫ(n) of Tǫ(F ) satisfies

Aǫ(n) ≥
1

4
αI

in the sense of quadratic forms. Thus Tǫ(F ) is rank-1 convex and Tǫ(F ) ≤ W (F ) but
Tǫ(F0) > RW (F0). Contradiction. Thus our assumption is false and at every point F0

where RW (F0) < W (F0) there is a direction n such that the acoustic tensor A0(n) is
degenerate.

Remark A.2. It follows that materials that transform by forming microstructures with
sharp phase boundaries to accommodate deformations produced by the propagation of sound
waves will have a direction with a zero sound speed.

We can apply Theorem A.1 to the energy (1.3). Since our material is isotropic, the
degeneration of the acoustic tensor may be either through µ = 0 or through λ + 2µ = 0
with the latter also meaning that the bulk modulus κ = −2µ(d−1)/d. The possibility that
µ = 0 is excluded because the tangential shear modulus is the same at every deformation.

Suppose that we have somehow guessed that if

W0(H) = f(Tr ε) + µ|dev(ε)|2,

then
RW0(H) = F (Tr ε) + µ|dev(ε)|2

for some function F , yet to be determined. In that case Theorem A.1 will let us determine
the function F (θ). It is easy to compute that for any unit vector n and any vector a ∈ R

d

〈RW0,HH(H)(n⊗ a),n⊗ a〉 = F ′′(Tr ε)(a,n)2 + 2µ

∣∣∣∣
1

2
(n⊗ a+ a⊗ n)− 1

d
(a,n)I

∣∣∣∣
2

.

Therefore, we get a formula for the acoustic tensor A(n).

A(n) =

(
F ′′(TrH) +

d− 2

d
µ

)
n⊗ n+ µI. (A.1)

We see that detA(n) = µ2(F ′′(Tr ε) + 2(d − 1)µ/d) for all directions n. Thus, for all H
for which RW0(H) < W0(H) we get F ′′(TrH) = −2(d− 1)µ/d. The continuity of RW0,H

implies that at the boundary points θ1 and θ2 of the binodal region we have F ′(θ1) = f ′(θ1)
and F ′(θ2) = f ′(θ2). Therefore, in the binodal region, where F ′(θ) = −2(d−1)θµ/d+C for
some constant C, we must have C = Φ′(θ1) = Φ′(θ2). Further, the continuity of W0 implies
that the affine function6 y(θ) = F (θ) + (d− 1)µθ2/d would be the equation of the common
tangent to the graph of Φ(θ). Thus, we obtain that F (θ) + (d− 1)µθ2/d = Φ∗∗(θ), and we
recover the rank-one convex envelope of W0(H), which in this case is seen to coincide with
its quasiconvexification (2.4).

6The function y(θ) is affine because the property of F (θ) can be written as y′′(θ) = 0.

19



B A non-existence of a topologically simple square-

symmetric minimizer in a square

We begin with a general observation that if A ⊂ Ω ⊂ R
2 is an open subset for which the

problem (4.13) has a solution h(x, y), then functions

h̃+(x, y) = h(x, y) +
1

4
(θ1 − θ2)ω(x

2 + y2), h̃−(x, y) = h(x, y)− 1

4
(θ1 − θ2)(1−ω)(x2 + y2)

are harmonic in Ω\A and A respectively. We can then conclude that the functions ∂h̃±/∂x−
i∂h̃±/∂y are analytic in the complex variable z = x+ iy on their respective domains. Thus,
the functions

H+(z) =
2

θ1 − θ2

(
∂h

∂x
− i

∂h

∂y

)
+ ωz, z ∈ Ω \ A,

H−(z) =
2

θ1 − θ2

(
∂h

∂x
− i

∂h

∂y

)
− (1− ω)z, z ∈ A

are also analytic. The boundary conditions in (4.13) and the continuity of ∇h across ∂A,
representing the kinematic compatibility of the displacement, imply that

{
H+(z) = ωz, z ∈ ∂Ω,

H+(z)−H−(z) = z, z ∈ ∂A.
(B.1)

Thus, the problem of finding global minimizers in Ω with affine boundary conditions reduces
to the problem (B.1) in the theory of complex analytic functions of one complex variable.

We now attempt to solve this problem when Ω is a square centered at the origin with
diagonal of length 2. Then along the bottom side of the square we have H+(x − i/

√
2) =

ω(x + i/
√
2) = ω(z + i

√
2), and therefore H+(z) = ω(z + i

√
2). Along the right side of

the square we have H+(1/
√
2 + iy) = ω(1/

√
2− iy) = ω(

√
2− z), and therefore, H+(z) =

ω(
√
2−z). These contradictory expressions for H+(z) can only be reconciled by a structure

with topology indicated in Figure 4, where the set A, in which ∇ · u = θ1, is shaded in
yellow.

The square symmetry of the problem also suggests that we should look for a structure
with square symmetry. Thus, if we assume that A has a simple topology, then we just
need to find the curve Γ that joins the top and bottom ends of the right side of the square.
Knowing H+(z) in all four regions adjacent to the sides of the square gives the boundary
values for H−(z) on ∂A. The square symmetry of A together with (B.1) implies that

H−(iz) = −iH−(z), z ∈ ∂A. (B.2)

There is a holomorphic function H− in A with given boundary values if and only if for
every n ≥ 0 ∫

∂A

H−(z)z
ndz = 0. (B.3)
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Figure 4: Morphological hysteresis showing two different morphologies of phase arrange-
ments in a square. The hypothetical coherent precipitate with simple topology and square
symmetry corresponds to 30% volume fraction of phase 2 (ω = 0.3) is shown in yellow. In
the left panel nucleation starts at the center. In the right panel nucleation starts at the
boundary.

The integral in (B.3) can easily be written as an integral along Γ because of (B.2). If n is
not a multiple of 4 then the integral in (B.3) will evaluate to zero by virtue of (B.2) alone.
If n = 4k, then we require that

∫

Γ

H−(z)z
4kdz = 0, k ≥ 0. (B.4)

On Γ we have H−(z) = ω(
√
2− z)− z. Therefore, (B.4) is equivalent to

∫

Γ

zz4kdz =
(−1)kiω

(4k + 1)(2k + 1)
, k ≥ 0. (B.5)

If we integrate by parts in (B.5):

∫

Γ

zz4kdz =

∫

Γ

z d

(
z4k+1

4k + 1

)
= −

∫

Γ

z4k+1

4k + 1
dz.

and parametrize the curve Γ by z(t) = a(t)+ it, t ∈ [−1/
√
2, 1/

√
2]. Then z′(t) = z′(t)−2i,

and we obtain

∫

Γ

zz4kdz =
(−1)k+1i

(4k + 1)(2k + 1)
+

2i

4k + 1

∫ 1/
√
2

−1/
√
2

z(t)4k+1dt.

Thus, equation (B.5) becomes

∫ 1/
√
2

−1/
√
2

z(t)4k+1dt =
(−1)k(ω + 1)

2(2k + 1)
.

Due to the symmetry we have z(−t) = z(t). Therefore, we finally obtain

ℜe
{∫ 1/

√
2

0

(a(t) + it)4k+1dt

}
=

(−1)k(ω + 1)

4(2k + 1)
, k ≥ 0. (B.6)
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In Fig. 4 we show hypothetically existing exact solutions of (B.6) with square symmetry
and simple topology which should be taken at this point just as an indication of a general
structure of the purported solutions. As in Fig. 3, we illustrate that at a fixed value of the
volume fraction ω there would always be two optimal configurations with the same energy.
As we have already seen in Fig. 3 , with the increase of ω the nucleus in the left panel
in Fig. 4 (colored in yellow) will grow outward while the nucleus in the right panel (also
colored in yellow) will grow inward. At ω = 1 both transformations again terminate as the
second phase completely takes over the whole domain.

Observe now that |a(t) + it| < 1 for all t ∈ [0, 1/
√
2) and |a(t) + it| = 1 for t = 1/

√
2.

Thus, for large k the principal contribution to the integral (B.6) comes only from the
neighborhood of t = 1/

√
2. Therefore, we approximate

a(t) =
1√
2
+m

(
t− 1√

2

)
+O

((
t− 1√

2

)2
)
, as t → 1√

2
. (B.7)

Substituting the leading term in (B.6) and computing the integral explicitly we obtain

(−1)k

(4k + 2)(m2 + 1)
− (1−m)4k+2m

22k+1(4k + 2)(m2 + 1)
≈ (−1)k(ω + 1)

2(4k + 2)
. (B.8)

If we choose

m =

√
1− ω

1 + ω
, (B.9)

then for large k we have equality in (B.6) up to an exponentially small error. Thus, we
have determined the slope m with which the curve Γ enters the corner of the square. We
can integrate by parts in (B.6), which we rewrite as

1

4k + 2
ℜe
{∫ 1/

√
2

0

[
(a(t) + it)4k+2

]′

i+ a′(t)
dt

}
=

(−1)k(ω + 1)

4(2k + 1)
.

We obtain

1

4k + 2
ℜe
{
ei(4k+2)π/4

i+m

}
− 1

4k + 2
ℜe
{∫ 1/

√
2

0

(a(t) + it)4k+2

[
1

i+ a′(t)

]′
dt

}
=

(−1)k(ω + 1)

4(2k + 1)
.

(B.10)
But then we conclude that (B.10) is equivalent to

ℜe
{∫ 1/

√
2

0

(a(t) + it)4k+2

[
1

i+ a′(t)

]′
dt

}
= 0, k ≥ 0. (B.11)

We can now keep integrating by parts in (B.11)

ℜe
{∫ 1/

√
2

0

[(a(t) + it)4k+3]′
1

i+ a′(t)

[
1

i+ a′(t)

]′
dt

}
= 0.
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This implies that a′′(1/
√
2) = 0. By induction we obtain a(n)(1/

√
2) = 0 for all n ≥ 2,

showing the breaking of analyticity of a(t) near t = 1/
√
2. This unexpected failure of

analyticity is our first hint that the solution we seek might not exist.
To make a more persuasive argument that this is the case, multiply the kth equation

in (B.6) by x4k+2/(4k + 1)! and sum, obtain the “generating function equation”

ℜe
{∫ 1/

√
2

0

[sinh(x(it+ a(t))) + sin(x(it+ a(t)))]dt

}
=

ω + 1

2ix
(cosh(

√
ix)− cos(

√
ix)).

Taking the real part we obtain

∫ 1/
√
2

0

[cos(xt) sinh(xa(t)) + sin(xa(t)) cosh(xt)]dt =
ω + 1

x
sinh

x√
2
sin

x√
2
. (B.12)

The two sides of (B.12) represent entire functions of x, and hence, the equality is valid for
all x ∈ C. It is convenient to rescale the equation: u(s) =

√
2a(s/

√
2), z = x/

√
2. Then

∫ 1

0

[cos(zs) sinh(zu(s)) + sin(zu(s)) cosh(zs)]ds =
ω + 1

z
sinh z sin z. (B.13)

The function u(s) is continuous and monotone increasing from u(0) > 0 to 1 on [0, 1]. It
also satisfies u′(0) = 0. We know that u(s) → s, when ω → 0 and we also know that
u(s) ∼ 1+m(s−1), when s ≈ 1. Observe that m → 1, when ω → 0, and 1+m(s−1) → s.
Let us then write u(s) = u0(s) + w(s), where u0(s) = 1 +m(s− 1). Thus,

sinh(zu(s)) = sinh(zu0(s)) + 2 sinh(zu0(s)) sinh
2(zw(s)/2) + cosh(zu0(s)) sinh(zw(s)),

and similarly,

sin(zu(s)) = sin(zu0(s))− 2 sin(zu0(s)) sin
2(zw(s)/2) + cos(zu0(s)) sin(zw(s)),

Observing that

∫ 1

0

[cos(zs) sinh(zu0(s)) + sin(zu0(s)) cosh(zs)]ds =
ω + 1

z
sinh z sin z +R(z),

where

R(z) =
√
1− ω2

cos((1−m)z)− cosh((1−m)z)

2z
,

we obtain

∫ 1

0

[
cos(zs) cosh(zu0(s)) sinh(zw(s)) + cosh(zs) cos(zu0(s)) sin(zw(s))+

2 cos(zs) sinh(zu0(s)) sinh
2

(
zw(s)

2

)
− 2 cosh(zs) sin(zu0(s)) sin

2

(
zw(s)

2

)]
ds =

√
1− ω2

cos((1−m)z)− cosh((1−m)z)

2z
. (B.14)
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If we now examine equation (B.14) in the limit z → +∞ we can see that this is impossible.
Indeed, the oscillatory terms generate at most polynomial decay at infinity, while the

exponential terms behave like ezu0(s) attenuated by sin(w(s)z) or sinh(w(s)z). The main
contribution to such integrals comes from the vicinity of the maximizer of u0(s), over the
support [0, α] of w(s). The integral will then have the exponential growth e(1−m+mα))z

possibly modulated by polynomially decaying factors. However, the right-hand side of
(B.14) has the exponential growth ez(1−m). Observing that 1 − m = mins∈[0,1] u0(s) we
conclude that the integral on the left-hand side of (B.14) cannot possibly have that growth
at infinity, unless the support of w(s) is zero. To summarize, we have shown that the
equality (B.14) cannot be satisfied for all m ∈ (0, 1). We note, however that w(s) = 0 does
satisfy (B.14) when m = 0 or m = 1.

Finally, we remark that even if we had not assumed square symmetry of the solution our
conclusion would not have changed. The reason is that equation (B.6) corresponds to (B.3)
for n = 4k. When n has a different remainder mod 4 square symmetry ensures that the
corresponding equation is trivially satisfied. Breaking the symmetry simply adds additional
infinite systems on the extra degrees of freedom, ultimately forcing square symmetry which,
as we have seen, leads to non-existence.
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[42] Hervé Le Dret. An example of H1-unboundedness of solutions to strongly elliptic
systems of partial differential equations in a laminated geometry. Proc. Roy. Soc.
Edinburgh Sect. A, 105:77–82, 1987.

[43] J. Lu. Elastic energy minimization and the shape of coherent precipitates. PhD thesis,
New York University, New York, NY, 1993.

[44] S. N. Mergelyan. Uniform approximations to functions of a complex variable. Amer.
Math. Soc. Translation, 1954(101):99, 1954.

[45] G. W. Milton. Bounds on complex dielectric constant of a composite material. Appl.
Phys. Lett., 37(3):300–302, 1980.

[46] G. W. Milton and R. V. Kohn. Variational bounds on the effective moduli of
anisotropic composites. J. Mech. Phys. Solids, 36(6):597–629, 1988.

[47] Graeme W. Milton. The theory of composites. Cambridge Monographs on Applied
and Computational Mathematics. Cambridge University Press, Cambridge, 2002.

[48] Charles B. Morrey, Jr. Quasi-convexity and the lower semicontinuity of multiple inte-
grals. Pacific J. Math., 2:25–53, 1952.

[49] Allen C Pipkin. Elastic materials with two preferred states. The Quarterly Journal of
Mechanics and Applied Mathematics, 44(1):1–15, 1991.

[50] K. D. E. Post and J. Sivaloganathan. On homotopy conditions and the existence of
multiple equilibria in finite elasticity. Proc. Roy. Soc. Edinburgh Sect. A, 127(3):595–
614, 1997.

[51] A. L. Roitburd. Equilibrium and phase diagrams of coherent phases in solids. Sov.
Phys. Solid State, 26:1229–1233, 1984.

[52] A. L. Roytburd. Deformation through transformations. Le Journal de Physique IV,
6(C1):C1–11, 1996.

[53] A. L. Roytburd and J. Slutsker. Thermodynamic hysteresis of phase transformation
in solids. Physica B: Condensed Matter, 233(4):390–396, 1997.

27



[54] RB Schwarz and AG Khachaturyan. Thermodynamics of open two-phase systems with
coherent interfaces. Physical review letters, 74(13):2523, 1995.

[55] RB Schwarz and AG Khachaturyan. Thermodynamics of open two-phase systems
with coherent interfaces: Application to metal–hydrogen systems. Acta Materialia,
54(2):313–323, 2006.
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