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Abstract

In this paper we present the exhaustive and non-redundant list of all microstructure-
independent relations for effective conductivity of fiber-reinforced composites with Hall
effect. Our results are independent of the number of constituents and the degree of
their anisotropy. We use this to apply our results to both polycrystals and two-phase
composites. Our tool is the general theory of exact relations for composite materials
developed in collaboration with Graeme Milton and Daniel Sage.

1 Introduction

In [14] Graeme Milton, Daniel Sage and the author have developed a general theory (see
also [21, Chapter 17] for a compact account) that has the power to identify every single
microstructure-independent relation for effective tensors of composites in a wide variety of
physical contexts, regardless of the number of constituent materials or the degree of their
anisotropy. This theory has been applied to polycrystalline composites in [10] to 2D con-
ductivity and elasticity, in [15] to 3D elasticity and 2D and 3D piezo-electricity, and in [14]
to 3D pyro-electricity, thermo-electricity, thermo-elasticity and thermo-piezo-electricity. In
[11] the theory has been applied in the non-polycrystalline case of 2D conductivity with Hall
effect. In this paper we report on the results of a massive research effort! [12] that builds on
[11] and applies the general theory to fiber-reinforced conducting composites with Hall effect.
In this case the number of (infinite families of) solutions to the equations of general theory
is overwhelming. Nevertheless, thanks to the efforts of the three REU teams, led by the
author, all of the solutions have been computed, organized and reduced to a small number of

1This worked spanned 3 Summers and involved 14 talented undergraduates under the NSF funded program
“Research Experience for Undergraduates” (REU).



fundamental facts, presented in this paper. Here we apply our exact results to two examples:
a polycrystal and a two-phase composite.

In the framework of the homogenization theory for periodic composites [2, 16, 21], the
microstructure of a fiber-reinforced conducting composite is described mathematically by an
L function L(x) taking values in the set of 3 x 3 positive-definite matrices and defined on
a 2D period cell Q = [0,1]%. The anti-symmetric part of the local conductivity matrix L is
due to the assumed presence of the magnetic field h and the non-vanishing 3 x 3 matrix of
Hall coefficients R, introduced in [7]. If C denotes the symmetric part of L, then the current
density 7 produced inside such a material by the electric field e is given by

j=Ce+(Rh)xe. (1.1)

If the magnetic field h is weak, both the conductivity tensor C' and the Hall tensor R can
be assumed to be independent of the magnetic field. If the magnetic field is strong then the
dependence of C' on h can not be neglected. Indeed, our formulas indicate that even if C and
R do not depend on h originally, the effective tensor C* of a composite may exhibit strong
dependence on h, when |h| is large.

Suppose that the periodic composite occupies a domain 2 C R3?. Then the conductivity of
the material at the point (x1, 22, x3) € € is assumed to be equal to L(x/¢), where & = (x1, z3),
the function L(z) is extended doubly-periodically to R? with period cell @ = [0,1]?, and
a small parameter € is a typical length scale of the periodic microstructure in the plane
transversal to the fibers.

The independence of the microstructure of x3 makes it convenient to represent all tensors
in block form separating directions that are parallel and transversal to the fibers. Thus, we
write

A p
q «

where A is the 2 x 2 positive definite matrix of the transversal conductivity; o > 0 is the
conductivity along the fibers and p and g are R? vectors linking fields along and across the

fibers.
The general cell problem for periodic conducting composites is

L=

~

Div(L(Grad(¢) +§)) =0, (1.2)

where Div and Grad operators are divergence and gradient, respectively, in (1, xq,x3) and
E € R? is an arbitrary vector. It is not difficult to show that the independence of L(x) from
the x3 variable implies that the solution ¢ of (1.2) is also independent of x3. In that case we
may rewrite the cell problem (1.2) in terms of the block-components of L(x):

V- (Ax)(Vo +€) + &p(x) =0, (1.3)

where £ € R?, (£,&3) = E and V- and V are the divergence and gradient operators, re-
spectively, in @ = (x1,x2). The solution to (1.3) can be conveniently written in terms of the
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generalized Helmholtz projection operator I's on L*(Q;R?). The action of I'y on an arbitrary
function f € L?(Q;R?) is defined by

FAf = V¢7
where () is the unique (up to an additive constant) Q-periodic solution of
-V -A(x)Vy =V - f(x).

We may also extend the definition of 'y from L?(Q;R?) to L*(Q; End(R?)). The action of
['s on an arbitrary function F € L?(Q; End(R?)) is defined by

(PAF)E =TA(FE)

for any & € R2. R
If ¢(x) solves (1.3) then it depends linearly on &, and therefore,

V¢ = ([AA)E + &(Dap). (1.4)

In general, the effective tensor L* is defined by its action on an arbitrary vector E by

L*¢ = /@L(Grad(qb) + &)dxydrodrs. (1.5)

Recall that neither L nor ¢ depend on x3. Therefore, we get

q, &) + & ((q(x), Vo)) + ({g),8) + &sla) |7 '

where (-) denote the average over the period cell ). Here and elsewhere in the paper we
use the inner product notation (-,-) to denote the dot product of two vectors or matrices.
Substituting (1.4) into (1.6) and equating coefficients at £ and &3, we obtain

L*gz{(

A* = (A)+ (ATAA),  p* = (p) + (ATsp),

. (1.7)
o =(a) +((Tap,q)), q" =(q)+ (A Tyrq).

Suppose that we have made a composite with two materials with conductivity tensors
L, and L,. Suppose also that we know the volume fraction of each material, i.e. we know
the average (L). If nothing else is known about the microstructure of the composite, what
can we tell about the possible values of the effective conductivity? This problem is called
the G-closure problem [18, 25]. Generically, the supplied information about the composite
constrains the effective tensor to lie in a bounded region of the tensor space described by a set
of inequalities. Occasionally, when the conductivity tensors of constituents satisfy a special
relation, or possess a special symmetry, the effective tensor has to satisfy an equation that is
independent of the microstructure. In this case we speak of exact relations.
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Another situation covered by our theory is the relations between effective tensors of two
composites that are made with different materials but share the same microstructure. If
there exists a function ® mapping 3 x 3 positive-definite matrices into 3 x 3 positive-definite
matrices such that (®(L(x)))* = ®(L*) then we say that the map ® describes a link.?

In the next section we list a non-redundant set of all links and exact relations for fiber-
reinforced composites with Hall effect. Even though our list is not particularly long, the
total number of ways in which various facts on the list can be combined to produce new
exact relations and links is staggering. Most (but not all) facts on our list could be easily
proved directly from equations (1.7). This is not the point. It is the reverse operation—
generating a complete non-redundant set of exact relations and links in the present context
that is possible only through the application of the general theory of exact relations. In this
connection we must mention the work of Bergman and Strelniker, who extended the ideas
of duality of Dykhne [9], Keller [17], Mendelson [19] and Milton [20] and obtained new links
and new exact reactions in the context of two-component composites [4, 3, 5, 23, 24] and
three-component composites [6] (see also [1]).

2 Exact relations and links

The first three items below are links (first two are infinite families of links) of the form
L’ = ®(L) described above. The maps ® corresponding to these links are given explicitly.

-1 — T
and ¥(A) = M. Then the link is

1. Let S = -
et S det(A — 109)

AN = 7P(A)—1,S,

P = Pyt ue®(A)(p—po)t

qd = q+1n¥A)(q—-q)",

o = ag+ 22 {(¥(A)(p-po)t (qg—q))—a},

where at = Sa = (—ay,a;). Here 1o, 70, To, o, Yo, i are arbitrary constants and py,
qo, Pj, g, are arbitrary vectors in R?.

(2.1)

AN = 7oA +7rS,

= Apo + (0P — Po,

qd = A'qo+wng—q,

= 75 {poroa + po(p, o) + 10(q, Po) + (Apo, qo)} — o,

(2.2)

The link (2.2) is a limiting case of the link (2.1), when some of the parameters in (2.1)
go to infinity.

2More generally, a link is a relation between some of the components of (®(L(z)))* and ®(L*).
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3. The effective tensor L* enjoys the “transpose symmetry”, [22, Proposition 2],
(L") = (L")". (2.3)

4. A* depends only on A(x) and not on p, g or . It is computed as an effective con-
ductivity of the 2D periodic composite with local conductivity A(x). Also, p* depends
only on A(x) and p(x).

5. If the constituents of the fiber-reinforced composite do not exhibit transversal Hall
effect, i.e. A(x) = o(x) is symmetric, then

[ p+aq :[*p*q | (2.4
q a q a
where .
6. If p(x) = po then
p'=po, o ={(a) (2.5)

7. If A(z)eg = jo then

A*eO - j07 (q*7 60) = (<q>7 60). (26)
8. If A(x) = Ay then

A=Ay, p'=(p), q =g (2.7)

The properties (2.1) and (2.2) are not immediately readable off the formulas (1.7), even
though (2.2) can be proved by substituting the expressions for A’, p’, ¢’ and «’ into (1.7).
The remaining microstructure-independent relations are easy to prove using formulas (1.7).
However, it is not clear how starting with (1.7) one can generate all items on our list.

The transpose symmetry (2.3) is a consequence of the easily proved property of the oper-
ator I'a:

(Cap,q)) = (Tarq, p)).

The properties in item 4 above and (2.4) are clearly readable off (1.7). However, (1.7) con-
tains a bit more microstructure-independent information than (2.4). Namely, it is the linear
dependence of p* on p, in the case when A(zx) is not symmetric and the dependence of o*
on (a) that do not follow from item 4 and (2.4). In order for our theory of exact relations to
pick up these properties, we should have considered links between three uncoupled problems.

Finally, the properties (2.5) and (2.6) follow from (1.7) and the fact that I'yp, = 0, while
The property (2.7) follows from (1.7) and the relation (I'ap) = 0.



3 Example: a polycrystal

Suppose that the ohmic conductivity of a single crystal is Cj and the Hall tensor, defined in
(1.1) is Ry. If the magnetic field h is weak, it is reasonable to assume, as we argued in the
Introduction, that tensors Cy and Ry are independent of h. Then, if we rotate the crystal,
but not the magnetlc field, by a rotation Q € SO(3), the ohmic conductivity of the crystal
will be QCOQT and its Hall tensor QROQT Assume that the polycrystalline texture Q( )
has cylindrical symmetry. In other words

where Q(x) € SO(2) for each € (). For general h the formula (1.1) gives a complicated
expression for the local Hall conductivity L(x). However, if the magnetic field h is directed
along the fibers, the formula for L(x) simplifies and we obtain L(z) = Q(z)LoQ(x)?, where

L is defined by its action on an arbitrary vector e € R3,
Lge = Coe + (Roh) X e

It
Ly=

Ay Do
qo Qg ’

then

Q(x)qo Qo

Let us first apply the link (2.2) to this situation. The goal is to choose parameters in
(2.1) such that A’(x) is symmetric. Suppose that the decomposition of Ay into symmetric
and antisymmetric parts is Ag = o + 795 then choosing in (2.2) 7, = —71¢, 70 = po = vp = 1
with remaining parameters set to zero we obtain

x)AQ(x)T x)po
L<m>:[Q() Q)" Q >p]’

o' +ryS p°
L* = * * )

q (67

where the blocks above are computed from the homogenization problem
o(x) plx " o’ p*
[() ()]:[* ] 51)
q «

Combining the link in item 4 on page 5 with links (2.2) and (2.4), we conclude that o* can
be computed from 2D homogenization of o (x) = Q(x)ooQ(x)”, and also that there exists a
linear map P : R? — R?, that depends only on o and the texture Q(x) of the polycrystal,
such that p* = Ppy. The transpose symmetry (2.3) implies that g* = Pqq. Finally, the third
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equation in (1.7) implies that there exists a bilinear form B depending only on o and Q(x),
such that o* = ag+ (Bpo, qo). The transpose symmetry (2.3) implies that the matrix B must
be symmetric. It follows that without loss of generality we may study the homogenization of

Observe that the link (2.1) with 79 = pp = vy = det op and all other constants set to zero
transforms () into ¥'(x) of the same form, where p, is changed into oypy and aq is
changed into

o = (oopy, q7) — o det .

Combining the link (2.1) with the representation

*

s _ o Ppo

Ppy, ap+ (Bpo, po)

we conclude after a bit of manipulation that
(B,o0¢) =detP —1, o cof (P) = Pory, (3.2)

where cof () is the cofactor matrix for P. The second equation in (3.2) has a general solution
of the form
P= (o-*)l/ng(z)ao_l/Q, z € C,

where ¢ : C — End(R?) is given by

a —b

] , z=a+1b. (3.3)
b a

Assume now that additionally the polycrystalline texture is statistically isotropic in the
transversal plane. In that case o* must be isotropic. Hence, o* = y/detool. Also, if we
rotate each crystallite by a fixed in-plane rotation @y, it should not change the effective tensor
of the composite because the texture QoQ () is also statistically isotropic in the transversal
plane. Hence PQ, = P and QIBQ, = B for every Qy € SO(2). Therefore, P = 0 and,
according to (3.2),

I
B=— )
Tr o
Hence
vdet ool + 1S 0
L= 0 W (Po.q0)
0 Tr oy



4 Example: a two phase composite
Let us apply our exact relations to a two-phase fiber-reinforced composite. Let

O'j—i‘?"js D;

q; Q;

. =12

)

Recall that the upper left 2 x 2 block of L* is determined by the 2D homogenization
problem. Now, we may use the 2D Hall effect link of Milton [20] (who was enlarging upon
the work of Dykhne [8]) A’ = 7oW(A) — (S, where W(A) is defined in (2.1). Separating
symmetric and antisymmetric parts we get

o , ro—T ,

"= = — 7. 4.1
7 TO(TO—T)Q—l—deto" " TO(TO—T)2+det0' "o (4.1)

Formula (4.1) with ry = 7{, = 0 has been derived much earlier by Mendelson [19]. We now
use (4.1) to reduce the 2D Hall effect homogenization problem to standard conductivity. We
need to choose constants 7y, 79 and r( such that v’ = 0 when r» = r; and r = r5. We see that
without loss of generality, we may choose 7y = 1, while

To—T o — T2 /

= =r,. 4.2
(ro —r1)? + det oy (ro —19)% + det o9 "o (4.2)

We easily see that (4.2) reduces to a quadratic equation for ry that has two distinct real
roots, unless 71 = r5. We may select either root, since the results are independent of the
choice.® Then Milton’s link (4.1) maps a composite made with conductors A; = o, + ;S to
a composite made with conductors

/ O

o = . j=12
7 (ro—1;)? + det o ’

Let ¥(oq,03) denote the effective conductivity function of the 2D composite made with
materials o7 and o5. This function depends on the microstructure of the composite. Let
3* = ¥(o4,05). The upper left 2 x 2 block A* = * + r*S of the effective tensor L* of the
original 3D composite is then determined from the relations

* *
o « To—T ’

(ro —r*)2 +deto* ' (ro —r*)2 +deto* "o:

We find that
* E* * Té]
o' = ————— rf=rg— ————.
O (rh)? + det =
Our next step is to determine p* and g*. The idea is to use the link (2.2) to map our

4.3
(rp)? + det X+ (43)
original composite to the one with p(x) = 0 and q(x) = 0. Let us first assume that A; — A,

3It is not easy to see, but ultimately, the independence of the choice of root in (4.2) boils down to
Mendelson’s link [19], or (4.1).



is an invertible matrix. In (2.2) we choose 7o = 1, 1, = 0, o = o = 1 and py and gy such
that

A1po + p1 = Aopo + p2 = py, A{QO +q1 = A;FQO + @2 = q.

In other words,

po= (A —A) (P2 —p1), Qo= (A1 —As) (@ — @) (4.4)
Then
p* = (A1 —A")po+p1= (A2 — A")py + po, (4.5)
¢ = (A —A)q+q = (A= A)q+ qo, .
And the first volume fraction relation implies that (o/)* = (a/). Therefore,
a’ = (a) + ((p) =P, q) = (@) + ({¢) — g",po) = {@) — (((A) = A)po, qo)- (4.6)

The formulas (4.3)-(4.6) have been derived earlier in a series of papers by Bergman and
Strelniker [4, 5, 23] and Bergman, Li and Strelniker [3].

If A; — A, is singular, then we have two cases. Either A; = Ay = Ay or there exists
a unit vector ey and a non-zero vector dy such that A; — Ay = di ® ep, in other words,
Aiey = Aseq (and ATdy = Aldy). If Ay = Ay = Ag then A* = Ay and, according to
(2.7), we have p* = (p) and q* = (q). Surprisingly, a* depends on the microstructure in the
essential way (unless of course p(x) = py or q(x) = qo). It is possible to express o* in terms
of the second derivatives of the 2D effective conductivity function (o, o2):

*

1, _ _
" = (a) + 5(0'0 12”(””0 1(171 —D2),q1 — q2),

where 3(t) = ¥*(09,t00) and oy is the symmetric part of Ag. We can obtain this formula
from (4.3)—(4.6) by considering a composite made with materials Ly and Lo(t), where Ay(t) =
tAg and computing a limit, as ¢ — 1 (using that ¥/(1) = 6507).

Consider now the remaining case when A; — Ay = dy ® eg. Then A* — Ay = \'di @ e
Then, according to (2.3) and (2.6), we have

(p*,do) = ({p),do), (4" €0) = ({@), €0)-

The remaining components of the effective tensor can be expressed only in terms of the
derivatives of the function (o1, 03), by considering a perturbed composite, where Ay is
replaced with Ay + tdy ® ey and passing to the limit as ¢ — 0 in the formulas (4.3)—(4.6).
The explicit formulas are complicated and we do not list them here.

As an example, consider a periodic array of fibers with volume fraction ¢ and conductivity
Ly = 0,1 + By embedded in a matrix with conductivity L,, = o2l + B,,, where

TlS —ag ]

a 0

’I"QS — Q9

By =

as 0



are 3 X 3 skew-symmetric matrices of Hall effect-induced conductivity. Assume also that the
cross-section of the fibers have the square-symmetric Vigdergauz shape [26, 27, 28] (see also
[13]). Then ¥* = ¢(07, 04)I, where

o9+ o1+ (01 — 09)0
o9+ 01— (01 — 09)0

(4.7)

§<0-170-2> = 02

and o
! = J i =1.2
U] (’["0 — Tj)2 +0_]2.7 J )

with ro—a solution of (4.2).
Then the effective conductivity L* has the form

o'I +r*S p*
L" = ,
q* Oé*
where
* ~ * rL— T2 2
o = o9+ (01 — o9)Rer + (r; — ro)JImr, Tt =1y + IT]%,

* —_—

p'=—ay+ ¢(T)(az — ap), q" = a; —p(t)(a; — ay),

o :901+(1—0)02+ 5 §Re7'|a2—a1|2’

02
2902
oyt o1+ (02— 01)0+i(1—60)(ry —ry)’

where the map ¢ is given by (3.3). We observe that if o, are independent of the magnetic
field h and B; depend on h linearly, the effective ohmic conductivity and effective Hall tensor
both depend on h in a non-linear manner. Hence, the assumption that in (1.1) the tensors
C and R are independent of h is reasonable only in the weak magnetic field limit.

If the magnetic field is weak, the components of B;, j = 1,2 are small. Hence, neglecting
expressions that are quadratic in small quantities we see that the Hall effect does not influence
the normal effective conductivity of the composite:

T =

*

o =¢(o1,09), a* =001+ (1 —0)o,.

The components of the anti-symmetric part B* to the effective conductivity are given by

L 73 *
r :g’l“l—F —g T, a :Toa1+(1—7'0)0,2,

where
S(o1,00) =02 200,

01 — 09 —0'2+0'1+(0'2—0'1>8.

It is easy to check that 0 < 75 < V0 with equalities only at 6 = 0 and 1.

T0 =
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5 The general theory

We conclude the paper by a brief description of the general theory of exact relations [11, 14]
that was used to obtain the results described in Section 2. General theory tells us that exact
relations are in one-to-one correspondence with subspaces I C End(R?) such that

1
P *AP2:§(P1AP2+P2AP1) ell (51)

for all {P;, P,} C Il and all A € A, where

Lo o] }
A= AT=A TrA=0;. (5.2)
0 0

The multiplication in (5.1) makes II into a Jordan algebra. The new twist here is that II is a
Jordan algebra with respect to an infinite family of multiplications parameterized by A € A.
In addition to the exact relations we have a way of recognizing when the relations involving
volume averages are also present. These additional relations appear when the derived Jordan
ideal I1? defined by
[I? = Span{PAP : Pc1l, Ac A} CI

is strictly smaller than II. For example, the exact relation p* = p, corresponds to

K 0
H:{[ ]:KeEnd(RQ),veRQ,peR}.
v op

K 0
H2_{[ ]:KeEnd(Rz),veRQ};«éH.
v O
Therefore this exact relation admits additional relations involving volume fractions. The
number of such relations is equal to the co-dimension of IT? in II. In our example, we should
have one additional relation. It is o* = (), resulting in (2.5).

Now let us turn to the links between exact relations. The links are nothing more than the
exact relations for the two uncoupled Hall-conductivity problems. As such, they correspond
to subspaces IT C V = End(R?) @& End(R?) that satisfy

PAP el (5.3)

for all P €Il and all A € A, where A = {[A, A] : A € A}. We can construct all subspaces
I satisfying (5.3) from the list of all solutions II of (5.1), provided we also understand their
Jordan algebra structure. For any solution Il of (5.3), let II; and Il be its canonical projec-
tions onto the first and the second copy of End(R?) in V, respectively, and let the Jordan
ideals Z; C II; and Z, C II, be the kernels of these canonical projections. The pairs (Z;,11;)
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and (Zy,IIy) arise from a subspace ﬁ, if and only if the factor algebras I1; /Z; and Il5/Z, are
isomorphic. Conversely, if we have found an isomorphism @ : 11, /Z; — Il /Z,, then

I={[P,P]ell,®Il,: [P] = o([P])} (5.4)

solves (5.3), where [P] is the equivalence class in II;/Z; containing P;, i = 1, 2.

The equivalence classes in II;/Z; can be labeled by elements of Z;*—the orthogonal com-
plement of Z; in Il;, ¢ = 1,2. Then the map ® can be thought of as an isomorphism between
Zi and 75

For example, item 4 on page 5 says in part that p* depends on A(x) and p(x), but not
on g(x) or a(x). This link corresponds to the following subspace

~ K u K u
H:{[ ][ O”:KGEnd(RQ),u,veRz,peR}

v P 0
Here, IT; = End(R?), Z, = {0},

0 0 K u
T, = veER? peRy, I, = . - K € End(R?), u € R? .
vop

0
Observe that II; = If and @ here is the resulting natural isomorphism IT; /Z; & Ill =TI, =
I/ Zs.
Another example with highly non-trivial ® corresponds to the links (2.1) and (2.2). Here
I, = I, = End(R?) and 7, = T, = {0}. While,

cosf) —sinf 0 cosf —sinf b
o(P)=XPY, X = | sinf cosf 0 |, Y = | sinf cosf by |,
aq a9 as 0 0 bS

where § and a,b € R? are parameters.

In the Summer of 2002 the first group of 5 REU undergraduates (see footnote 1 on
page 1) have found all solutions of (5.1). These solutions came in 22 infinite families, some
of them complicated. In the Summer of 2003 the next group of 4 students translated most
solutions into exact relations. They have also computed additional volume fraction relations,
corresponding to non-trivial derived ideals, as explained above. At the same time they also
made further progress on understanding the algebraic structure of solutions. In the Summer of
2004 the final group of 5 students have identified all the ideals and pairs of isomorphic factor-
algebras, in the process bringing in the complete understanding of the algebraic structure of
solutions. This new understanding permitted the author to simplify and streamline many
tedious steps of the analysis of the previous years. It has also made possible the completion
of the analysis: translation of the subspaces II into the physical language of links and removal
of the redundant information. The complete description of all calculations is submitted for
publication elsewhere and is available as a preprint on the author’s web page.

12



Acknowledgments The author wishes to thank Graeme Milton for many helpful comments.
The author is grateful for the efforts of 14 talented undergraduates, who have participated in
the REU program under his direction in 2002-2004. They are (in alphabetical order) Erin R.
Blew, David Carchedi, Edward Corcoran, Ryan Fuoss, Joseph Galante, Jerome Hodges IV,
Russell Howes, Matthew Jacobs, Matthew Macauley, John Quah, Austin Roberts, Elianna
Ruppin, Steven Stewart, Peter Tom-Wolverton. This material is based upon work supported
by the National Science Foundation under Grants NSF-0138991 (REU), NSF-0094089 and
NSF-0707582.

References

1]

2]

[3]

S. V. Barabash, D. J. Bergman, and D. Stroud. Magnetoresistance of three-constituent
composites: Percolation near a critical line. Phys. Rev. B, 64(17):174419, Oct 2001.

A. Bensoussan, J. L. Lions, and G. Papanicolaou. Asymptotic analysis of periodic struc-
tures. North-Holland Publ., 1978.

D. J. Bergman, X. Li, and Y. M. Strelniker. Macroscopic conductivity tensor of a three-
dimensional composite wit h a one- or two-dimensional microstructure. Physical Review
B (Condensed Matter and Materials Physics), 71(3):035120, 2005.

D. J. Bergman and Y. M. Strelniker. Duality transformation in a three dimensional
conducting medium with two dimensional heterogeneity and an in-plane magnetic field.
Phys. Rev. Lett., 80(15):3356-3359, Apr 1998.

D. J. Bergman and Y. M. Strelniker. Magnetotransport in conducting composite films
with a disordered columnar microstructure and an in-plane magnetic field. Phys. Rewv.

B, 60(18):13016-13027, Nov 1999.

D. J. Bergman and Y. M. Strelniker. Magnetoresistance of normal conduc-
tor/insulator /perfect conductor composites with a columnar microstructure. Phys. Rev.

B, 62(21):14313-14325, Dec 2000.

M. Briane and G. Milton. Homogenization of the three-dimensional Hall effect and
change of sign of the Hall coefficient. Arch. Rat. Mech. Anal., to appear.

A. M. Dykhne. Anomalous plasma resistance in a strong magnetic field. Sov. Phys.
JETP, 32:348-351, 1971. [Zh. Eksp. Teor. Fiz, 59, (1970) pp.641-647.].

A. M. Dykhne. Conductivity of a two-dimensional two-phase system. Sov. Phys. JETP,
32:63-65, 1971. [Zh. Eksp. Teor. Fiz, 59, (1970) p.110-115.].

Y. Grabovsky. Exact relations for effective tensors of polycrystals. I: Necessary condi-
tions. Arch. Ration. Mech. Anal., 143(4):309-330, 1998.

13



[11]

[19]

[20]

[21]

[22]

[23]

Y. Grabovsky. Algebra, geometry and computations of exact relations for effective moduli
of composites. In G. Capriz and P. M. Mariano, editors, Advances in Multifield Theories
of Continua with Substructure, Modeling and Simulation in Science, Engineering and
Technology, pages 167-197. Birkhauser, Boston, 2004.

Y. Grabovsky. Exact relations for effective conductivity of fiber-reinforced conducting
composites with Hall effect via a general theory. Submitted.

Y. Grabovsky and R. V. Kohn. Microstructures minimizing the energy of a two phase
elastic composite in two space dimensions. II: the Vigdergauz microstructure. J. Mech.
Phys. Solids, 43(6):949-972, 1995.

Y. Grabovsky, G. W. Milton, and D. S. Sage. Exact relations for effective tensors of
polycrystals: Necessary conditions and sufficient conditions. Comm. Pure. Appl. Math.,
53(3):300-353, 2000.

Y. Grabovsky and D. S. Sage. Exact relations for effective tensors of polycrystals. II:
Applications to elasticity and piezoelectricity. Arch. Ration. Mech. Anal., 143(4):331-
356, 1998.

V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential operators
and integral functionals. Springer-Verlag, Berlin, 1994. Translated from the Russian by
G. A. Yosifian.

J. B. Keller. A theorem on the conductivity of a composite medium. J. Math. Phys.,
5:548-549, 1964.

K. A. Lurie and A. V. Cherkaev. G-closure of a set of anisotropic conducting media in
the case of two dimensions. Doklady Akademii Nauk SSSR, 259(2):328-331, 1981. In
Russian.

K. S. Mendelson. A theorem on the conductivity of two-dimensional heterogeneous
medium. J. Appl. Phys., 46:4740-4741, 1975.

G. W. Milton. Classical Hall effect in two-dimensional composites: A characterization
of the set of realizable effective conductivity tensors. Physical Review B, 38(16):11296—
11303, December 1988.

G. W. Milton. The theory of composites, volume 6 of Cambridge Monographs on Applied
and Computational Mathematics. Cambridge University Press, Cambridge, 2002.

F. Murat and L. Tartar. H-convergence. In Topics in the mathematical modelling of
composite materials, pages 21-43. Birkhauser Boston, Boston, MA, 1997.

Y. M. Strelniker and D. J. Bergman. Exact relations between magnetoresistivity tensor
components of conducting composites with a columnar microstructure. Phys. Rev. B,
61(9):6288-6297, Mar 2000.

14



[24]

Y. M. Strelniker and D. J. Bergman. Exact relations between macroscopic moduli of
composite media in three dimensions: Application to magnetoconductivity and magneto-

optics of three-dimensional composites with related columnar microstructures. Phys. Rev.
B, 67(18):184416, May 2003.

L. Tartar. Estimation fines des coefficients homogénéisés. In P. Kree, editor, Ennio de
Giorgi’s Colloguium, pages 168-187, London, 1985. Pitman.

S. B. Vigdergauz. Effective elastic parameters of a plate with a regular system of equal-
strength holes. MTT, 21(2):165-169, 1986.

S. B. Vigdergauz. Piecewise-homogeneous plates of extremal stiffness. PMM, 53(1):76—
80, 1989.

S. B. Vigdergauz. Two-dimensional grained composites of extreme rigidity. ASME J.
Appl. Mech., 61(2):390-394, 1994.

15



