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Abstract

Understanding asymptotics of gradient components in relation to the symmetrized
gradient is important for the analysis of buckling of slender structures. For circular
cylindrical shells we obtain the exact scaling exponent of the Korn constant as a func-
tion of shell’s thickness. Equally sharp results are obtained for individual components
of the gradient in cylindrical coordinates. We also derive an analogue of the Kirchhoff
ansatz, whose most prominent feature is its singular dependence on the slenderness
parameter, in marked contrast with the classical case of plates and rods.
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1 Introduction

Korn’s inequalities [20, 21] play a central role in the theory of linear and nonlinear elasticity,
and other areas of physics (see the review [16]). In the study of buckling of slender structures
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under compression [15, 6, 13] and more generally in the study of safe loads [2, 7, 9], of fun-
damental importance is the dependence of the Korn constant on parameters of the problem.
With the application to buckling in mind we study the scaling of the Korn constant as a
power of h = t/R, where t is the wall thickness and R is the outer radius of the circular
cylindrical shell. (See [33, 34] for the application of this theory to rods and plates.) Tradi-
tionally, the Korn inequality is proved either for the functions in the orthogonal complement
to the space of infinitesimal motions [20, 21, 10] or for functions vanishing on a portion of
the boundary [19]. However, for the study of buckling and in other contexts one needs to
examine the Korn constant for more general spaces of functions that contain no infinitesimal
motions [18, 35, 8, 13, 30, 23].

In order to obtain an asymptotically sharp estimate of the Korn constant one needs
to provide an “ansatz”: a family of near-minimizers for the variational definition of the
Korn constant and then prove an “ansatz-free” inequality establishing the sharpness of the
ansatz. This program can be completed for both linear and nonlinear versions of the Korn
inequality via a compactness theorem for rods and plates [11], justifying the Kirchhoff ansatz
[17]. However, the compactness does not hold for cylindrical shells and new approaches,
including a new ansatz are needed. The ansatz presented in this paper involves oscillations
on a scale hY*, intermediate between the macroscopic and the length scale h of the shell
wall. Our method of proof of the ansatz-free bound reduces the first Korn inequality for the
circular cylindrical shell to 2D Korn-type inequalities defined on the cylindrical coordinate
“plane” cross-sections. These Korn-type inequalities can be regarded to be a cross between
the first and second Korn inequalities [32]. They are called weighted Korn’s inequalities in
Nazarov’s work on complex slender bodies [31, 28, 29, 30]. The proof uses the method of
harmonic projections from [19]. The great flexibility of this method was further explored in
[14] with the eventual goal of establishing Korn’s inequalities for more general shells, needed
for quantification of high sensitivity to imperfections of the critical buckling load of axially
compressed circular cylindrical shells.

To apply the buckling theory from [13] we also need constants in the Korn-like inequalities
for gradient components. These inequalities have the form of the first Korn inequality but
with a specific component of the gradient matrix in place of the full gradient. We show that,
perhaps surprisingly, the constants in Korn-like inequalities scale in h differently from the
Korn constant. This phenomenon is a manifestation of a high degree of symmetry in circular
cylindrical shells. With this understanding it is natural that our proof makes full use of that
symmetry through the periodicity in circumferential variable and subsequent recasting of the
problem in terms of Fourier coefficients. We conjecture that the imperfections breaking the
symmetry will also destroy the distinct power laws in the Korn-like inequalities for gradient
components. We believe that this effect is related to the large discrepancy between the
theoretical buckling load [24, 37] and the experimentally observed values [4, 22]. These ideas
are made more precise in our companion paper [12].

This paper is organized as follows. In Section 2 we introduce Korn and Korn-like con-
stants and state our main results for the cylindrical shell. The new oscillatory ansatz is
also derived there. We reduce the ansatz-free Korn inequality for the cylindrical shell to
the two-dimensional Korn-type inequalities in Section 3. These inequalities are proved by
means of the harmonic projection method in Section 4. In Section 5 we go to the Fourier



space in order to prove our most delicate estimates: the Korn-like inequalities for gradient
components.

2 Korn and Korn-type inequalities for cylindrical shells

Let Q C R? be an open set. Let V be a subspace of W2(€; R?) such that Wy(Q;R?) C V.
We recall that Korn’s constant K = K (V) is defined by

K(V)=sup{K > 0: [le(¢)[|* = K[|[V| for all ¢ € V}, (2.1)

where

()= 5 (Vo + (Vo))

and || - || always denotes the L? norm on the domain of definition of the function within the
norm symbol. Equivalently,

le(o)]?
EV) = m el

In this paper we consider a family of circular cylindrical shells given in cylindrical coordinates
(r,0,z) as

h h
Ch={(r,0,z):rel,, 0T, z€|0,L]}, I, = {1— 5,1—1—5] ,
where T is a 1-dimensional torus (circle) describing 27-periodicity in 6.
Our goal is to examine the asymptotics of the Korn constant K (V},), as h — 0, where V},
is one of the subspaces

= {d) € WLQ(Ch;RS) : ¢)(7", 0, 0) =0, ¢T(Ta 0, L) = ¢0(r> 0, L) = 0}7 (2'2)

={p € W' (Ci; R?) : ¢y(r,0,0) = ¢.(r,0,0) = ¢y(r,0,L) = ¢.(r,0,L) =0}, (2.3)

9 — {¢p € WH(ChiR?) = ¢,(r,0,0) = ¢.(r,0,L) = /L ¢o(r,0,2)dz = 0}. (2.4)
0

Here we write ¢ = ¢,e, + ¢geg + ¢.e., where {e,, ey, e, } is the standard orthonormal basis
in cylindrical coordinates. The problem of asymptotic analysis of K (Vh(i)), as h — 0, arises
in the theory of buckling of slender bodies [13], applied to circular cylindrical shells in our
companion paper [12]. The space V(2 corresponds to the boundary conditions, where the
bottom of the shell is kept fixed, Whlle the top is allowed only vertical displacements under
the applied forces. Spaces V( )y and V( permit the loaded shell to “breathe”, since the
radial displacements are not prescrlbed at either end. At the top of the shell the vertical
displacement rather than the applied force is prescribed. In our notation the dependence on
L is suppressed, while the essential dependence on h is emphasized.



In cylindrical coordinates the gradient of ¢ = ¢,e, + ¢gey + ¢.e., has the form

gbr,r M gbr,z
VQ’) = (bH,r w (bH,z (25)
¢z,r @ ¢z,z

2.1 Ansatz

The famous Kirchhoff ansatz [17] for columns and plates can be derived by substituting
the quadratic Taylor expansion of a test function ¢(z,y,z, h), defined on w x [0,h], at
(z,h) = (0,0) into e(¢) and postulating cancellation of zeroth order terms [13]. This simple
and natural method for obtaining the ansatz for the Korn inequality generates a set of
smooth infinitesimal isometries [36] of the middle surface. In the case of a cylindrical shell
and our boundary conditions, there are no admissible! smooth infinitesimal isometries, and
hence, this method does not work. We conclude that that the dependence of the ansatz
on (r,h) cannot be regular as h — 0. A typical example of such a nonsmooth behavior is
small scale oscillations as h — 0, exhibited in optimal design problems [25, 5] or martensitic
phase transitions [1, 3]. Mathematically such an oscillatory behavior could be modelled by
functions of the form (2.7) below. We postulate that the dependence on r is regular:

O"(r,0,2) =u"(0,2) + (r — 1)v"(0, 2). (2.6)

We substitute this ansatz into (2.5) and obtain the zeroth order term in r — 1:

- h h h h h 7
h Vg + Uy g — Ug v, + Uy
or 2 2
h h h h h
h vy U —uy U, g + Uy
e(¢")(1,0,z) = + ult, + ul %
h h h h
v, + ur,z uz,@ + Ug , Uh
L 2 2 z% _

In order to obtain the best ansatz for the Korn inequality we have to eliminate all off-diagonal
components in e(¢")(1, 0, z), while making sure that it is the off-diagonal components that
are dominant in V" (1,60, z). In fact, we can eliminate all components in e(¢")(1,6, 2),
except ugz, by setting

ho_ h_ _.h h h_ _.h h_ .k h _ _.h
Uy = 07 Vg = —Upg + Ug, UV, = —Up,y, U. = "Ugg, U,g= —Ug,.
The last equation can solved by
h _ ,h ho_ h
UQ — /LU’@, uz — _/LU’Z.

Hence, we obtain the ansatz that depends on a single function w" (0, 2):

h h h h h h h h
Oy = —wyy, Gy =rWoH+ (r—Dwyyy, ¢ =—w.+(r—1wg,,.

'Meaning that the infinitesimal isometry could be smoothly extended to €, as an element of Vh(i).
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In this case

r—1)(wh, + wh
Vol = |wly 4+ why, ( ) ’ie d000) rwfgz + (r— Dwhyy, | |
h h
—w'y, +(r—1)w
w,hggz 0z (T ) ,000z _wzz + (7“ B 1)w7]—50w
and _ _
0 0 0
m_ o (r— 1)(wa9 + w,heeee) (r — 1)(“)?% + w,}beoz)
e(¢") = T 2r
r—1 whz + wh .
0 ( )( ;’l" 000 ) _w,f;z + (T - 1)w,%0zz

We now assume that the functions w"(6, z) are “oscillatory” as h — 0:

i z—L/2
ah’ bh

w'(0,2) =W ( ) , Oel-mmn|, z€]0,L], (2.7)

where
\/E<6Lh§ 1, h < b, < 1, }lLiH(l)CthhIO.
—

Here W(n,¢) can be any smooth compactly supported function on (—1,1)2, (For the space

Vh(g) we need [ W (n,()d¢ = 0, which can be achieved by using W (n, ¢) in place of W(n,().)
while the function w"(6, 2) is extended as a 2m-periodic function in # € R. Thus, we obtain

1 1 1
h|2 - -
o1 =0 (mox{ g g} )
h? h% 1
h\|2 __ e 0 -
6 =0 (max{ G G )
a {h2 h? 1}
X\ 6127 87
K(V4) <C  min @b o b

(a,b)€[h,1]2 1 1 1)°
B PTAPTEL

It is a matter of simple analysis to show that the minimum is achieved at a = v/h, b = 1,
giving K (V},) < Chv/h. Thus, we have proved the following theorem.

and

THEOREM 2.1 (Ansatz). Let
L

V0 =vInyPnv® = (¢ € WH2(CyiR?) : ¢(r,0,0) = ¢(r,0, L) = 0, / G(r,0, 2)dz = 0},
0
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Then there exist an absolute constant Cy such that

K (V) < Cohv/h. (2.8)
This is established via the ansatz
4
qbﬁ(r,@,z) = _Vvﬂm (%72>
(b’g(r,e,z) = T‘%Wm (—4\%,2) + %\;—%W,}m (—4\%, z) , (2.9)
h _ 9 0
(6200.2) = (= DWoe ($5.7) = VAW (45.7)

where the function W(n, z) is a smooth compactly supported function on (—1,1) x (0, L) such
that fOL W(n,2z)dz = 0 for all n, while the function ¢"(0,z) is extended as a 2w-periodic
function in 6 € R.

We remark that inequality (2.8) holds for each Vh(i), since V! C Vh(i), i=1,2,3.

2.2 Ansatz-free lower bounds

THEOREM 2.2 (Ansatz free lower bound). There ezist a constant C(L) depending only on
L such that .
KW > C(L)p*?, i=1,2,3 (2.10)

The proof is conducted in two steps. In Section 3 we reduce inequality (2.10) to the
Korn-type inequalities in two-dimensional that can be regarded as refined versions of the
two-dimensional Korn inequality. In Section 4 these two-dimensional Korn-type inequalities
are proved, establishing Theorem 2.2.

The intended application of these inequalities to buckling of cylindrical shells requires
that we also estimate the L? norms of the individual components of the gradient matrix (2.5)
in terms of ||e(¢)||*. We first observe that the inequalities

IVl < lle@)?,  11(VPeoll* < lle(@)I*,  [[(V).el” < [le(o)]

are obvious, as are the inequalities

I(V@)or|l = 2lle(@)ro — %(Wﬁ)mll < 2fle(@)roll + [|(V@)roll < 2[|e(@)[| + [1(V)roll,
(V)| = 2lle()r= — %(Vcb)mll < 2[le(@)rell + [1(V@)rell < 2[|e(@) | + 1V D)ol
1(Ve)z0ll = 2[le(@)s- — %(Wﬁ)ezll < 2fle(@)ozll + [[(V@)o:|| < 2l[e(@D)]] + [[(V)o: -

The task is, therefore, to estimate the ratios ||(Ve).oll/lle(@)l, [[(Vd).|/|le(d)|l, and
I(V)o-l/lle()]-



THEOREM 2.3. There ezists a constant C(L) depending only on L such that for any ¢ €
Vh(l) U Vh@) U Vh(3) we have
[(Ve)ol? _ C(L)

(@) = nv/h’ .
(V)] _ C(L)

e @F = Vi 212
I(Ve)ra|* _ C(L) (2.13)

le(@)I*> — A

We observe that inequality (2.11) is an immediate consequences of the Korn inequality
(2.10). The other two inequalities are proved in Section 5. The remarkable feature of
inequalities (2.11)—(2.13) is the presence of 3 distinct scaling laws for different components
of the gradient. This is a consequence of the high degree of symmetry possessed by the
circular cylindrical shell. We conjecture that deviations from the perfect symmetry will
“mix” the three cylindrical components producing a single scaling exponent determined by
the Korn constant. Another important observation is that ansatz (2.9) exhibits the scaling
laws given by the upper bounds for all 3 ratios in Theorem 2.3.

3 Reduction to two-dimensional Korn-type inequali-
ties

In this section we give the proof of Theorem 2.2 modulo two-dimensional Korn-type inequal-
ities, which constitute the technical core of our method. The argument in this section splits
naturally into a sequence of successive steps.

Step 1. In this step we prove that one can replace V¢ and e(¢) in Theorem 2.2 by

¢r,r ¢r70 - ¢9 ¢r7z 1
A= | do, oo+ & Go. |, and Agm = §(A + AT,

sz,r (bzﬂ sz,z

respectively. The justification is based on a simple observation that

le(¢) — Agull®* < [V — A|* < 1*|| A (3.1)
Indeed, if we can prove that ||A]|? < Ch=%/2|| Ay |, then

IA|[* < O Ayul® < Ch™*2(|le(@)|I” + B A1),
and therefore (1 — CvV/h)||A|]> < Ch=3/2||e(¢)||2. Thus, for sufficiently small h we also have
1A|[* < Ch™32le()]”,
concluding that
IVol* <2V — A|I” + 2| A|* < 2(h* + 1)||A|]* < Ch=*2|le(9)|>
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Step 2. In order to prove the Korn inequality for A we need to estimate the quantities

Gly = lgosl® + l16re — doll*, Gl =lldrall® + 120 ®, Gls = lbz0ll” + l| o]

in terms of

E%Z = ||¢9,r + Cbr,e - ¢9||27 E%?) ||¢7’z + qsz“ ) E223 = ||¢z,9 + ¢9,Z||27

Eh =Gt = o ?  En=Gh = +ol?  Eh=G3=¢.:0"
Estimate for Go3. This estimate is the simplest to make. Integration by parts, usmg the
boundary conditions ¢y = 0 at 2 = 0 and z = L, common to the spaces V(l) and V and

the boundary conditions ¢, =0 at z =0 and z = L for Vh(?’), combined with the perlodlclty
in 0, gives

‘<¢z,97¢9,z)’ = ‘(¢z,za ¢9,9)‘ S H¢Z,ZHH¢9,9H S ESS(E22 + ”¢7‘“)7
where (f,g) denotes the inner product of f and g in L*(Cp,). It follows that

Gy = By — 2020, 00,2) < Egs + Ey + gy + 233161 || < 2/ Agyun | (| Ay | + 1 6:]))- (3.2)

Estimate for Gi3. It would seem that the most natural way to estimate (15 is by the Korn
inequality on the rectangle I, x [0, L] [18]:

le(®)[I* > CR?|[Ve|?, (3.3)

where
@(T’, Z) = (¢T(r7 007 2)7 ¢Z(T7 607 Z))

for each fixed 6y, since ¢,(r,6p,0) = 0. However, inequality (3.3) is incapable of delivering
the correct scaling law h*?2 of the three-dimensional Korn constant, and, hence, a more
delicate estimate than (3.3) is required.

THEOREM 3.1 (First (and a half) Korn inequality). There exists a constant Co(L) > 0
depending only on L, such that, if the vector field ¢ = (u,v) € H'(I}, x [0, L]; R?) satisfies
v(x,0) =0, = € I, in the sense of traces, then for any h € (0,1) and any L > 0

16l < ColL)le()] (”“” T lle(e >|r). (3.4

The theorem is proved in Section 4. We emphasize that there are no boundary conditions
imposed on u(z,y). Applying Theorem 3.1 to the vector field ®(r,z) for every 6, and
integrating the resulting inequality in 6, over [0,27| we obtain, via the Cauchy-Schwartz
inequality for the product term

1l

GYy < C(L) (Efl + By + B3y + =0 (B + Eis + Egg)) < C(L)[| Ay (HASymH + ”@”) |

(3.5)
Estimate for GG15. The estimate for GG15 requires an even more delicate Korn-type inequality
for rectangles than the estimate for Gy3.




THEOREM 3.2. Suppose that the vector field ¢ = (u,v) € HY(I, x [0,2n];R?) satisfies
¢(2,0) = ¢(x,2m) in the sense of traces. Then

lull* < llexl* + 21 Gl + 2]lv]*, (3.6)

where

Uy Uy —V 1
G*:[ 7 Y s 8*:§<G*+GZ)

Ve Vyt+U
b 7y

In addition, there exist absolute numerical constants o > 0 and Cy > 0, such that for any

h e (0,0)
u
IG.IE < Co (lle + et il + o) (37)

The theorem is proved in Section 4.
We apply inequality (3.7) to the vector field

D(r,0) = (¢,(r,0, 20), po(r,0, 20)) (3.8)

for every zo € [0, L]. Integrating the resulting inequality in zy and using the Cauchy-Schwarz
inequality for the product term, we obtain

1l
h

st%ome+Mwm %wm@.

We estimate via the 1D Poincaré inequality and (3.2)

L? L? 212
loll* < ;H%;HQ = ;Ggg < ?(HAsymH2 + | Asym I ])- (3.9)

Thus, there exists a constant C'(L) < Cy(L?*(o + 1) + 1) such that

O
6% = D Al (1Al + 1521, (3.10)

Combining inequalities (3.2), (3.5) and (3.10) we obtain the three-dimensional Korn-type
inequality

A < Al (150 4 1401 (3.11)

It is now clear that in order to prove the Korn inequality (2.10) we need to estimate ||¢.|.
Estimate for ||¢,||. The estimate for ||¢,| is based on inequality (3.6) in Theorem 3.2
applied to the vector field ®, given by (3.8). Integrating the resulting inequality in z,, and
using the Cauchy-Schwarz inequality for the product term we obtain

1
011" < [l Asymall® + 21 AlllI 0]l + 2lIP0ll* < | Asymall® + €| AI* + { 2+ 5 ) 100l
€



for any € > 0. The small parameter ¢ € (0,1) will be chosen later to optimize the resulting
inequality. By the “Poincaré inequality” (3.9) we obtain for sufficiently small e

L2 2
|wm2s( -+QHAWMF+3wMF gl

Therefore,
2 L2 ? 2 2 2
ol <2 (5 1) IAuall + 221 AT
Thus,
L2
ol < V2 (5 1) 1Auul +lal). (3.12)

Substituting this inequality into (3.11), we conclude that there is a constant C'(L), depending
only on L, such that

1 2
4 <€) (s + 53 ) 1l

We now choose € = h'/* to minimize the upper bound:

C(L
417 < S 21 Al .13

which, due to Step 1 completes the proof of Theorem 2.2, modulo Theorems 3.1 and 3.2.

Corollary 3.3. Inequality (3.11) remains valid if A is replaced by Vo, i.e.,

Oy
w61 < cwle(@l (150 + o). .19

Proof. Combining inequalities (2.10) and (3.1) we get
(1= CLR[ Ayl < lle(@)]| < (1 + CLY)|| Agyual], (3.15)
which together with (3.11) implies (3.14). O

4 Korn and Korn-type inequalities in two dimensions

In this section our goal is to prove Theorems 3.1 and 3.2. We begin with an auxiliary lemma
that will be essential in the proof of both theorems.

LEMMA 4.1. Suppose that the vector field ¢(x,y) = (u(z,y),v(z,y)) € H'(I, x [0,p]; R?)
satisfies u(x,0) = u(z,p) in the sense of traces. Then there exists a constant Cy(p) depending
only on p such that for any o € [—1,1], any h € (0,1) and any p > 0

16|12 < Co(D)]le] (” iy au) (4.1
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where

Uz Uy

G = G() = [ e* = e(9) = 5(G*(@) + (G*(9))").

Ve Uyt au

We emphasize that there are no boundary conditions imposed on v(z,y). If a = 0, and
p = L then inequality (4.1) reduces to (3.4). However, the assumed boundary conditions in
Lemma 4.1 and Theorem 3.1 do not match. If &« = 1, p = 7, then the boundary conditions
in Lemma 4.1 and Theorem 3.2 are the same and inequalities (4.1) and (3.7) are similar, but
not identical. These small discrepancies will be rectified in the proof of the lemma.

Proof. Following the argument of Kondratiev and Oleinik in [19], one can assume, without
loss of generality, that u is harmonic. Indeed, suppose w(z,y) solves

{Aw(a:,y) =0, (z,y) € Q

wiay) = ulz.y). (5,y) € 00, 42)

where Q = I, x [0,p]. Then Vw is the Helmholtz projection of Vu onto the space of
divergence-free fields in L?(2; R?), and the following bounds hold:

LEMMA 4.2. Let Q = I, x [0,p] and ¢ = (u,v) € H'(;R?). If w(x,y) is defined by (4.2),
then for any o € [—1,1], any h € (0,1), and any p > 0

1 1
Vu- Vol <akalerl, - ul < Kabletl, Ko=+(VE41). (43)

Proof. Using the idea that the Laplacian can be expressed in terms of partial derivatives of
components of the symmetrized gradient [19] we compute, using the fact that w is harmonic,

Alu—w) = Au = (ef] — e5y) o + 2(6?2),1; + aefy,

in the sense of distributions. Here ef; denote the Cartesian components of e®. Then, since
u—w € H} (), we have

IV (u = w)|* = /Q{(e‘fl — €55)(u —w) o +2€f(u — w) y + ety (w — u) pdrdy.
By the Cauchy-Schwarz inequality we get
IV (u = w)[* < [le* | (V2] V (u = w)|| + |alflu —w]]).

By the Poincaré inequality

h2
lu — w|?dr < —2/ |(u —w) ,[*dx.
Iy n Iy

Hence,
h
lu = wll < —[[V(u~w)],

and (4.3) follows. O
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Next we prove a Korn-like inequality for harmonic functions.

LEMMA 4.3. Suppose w € H (I}, x [0,p]) is harmonic and satisfies w(x,0) = w(x,p) in the
sense of traces. Then
2v/3
h

lwyll* < == llwlllwell + wal (4.4)

Proof. By the method of separation of variables

w(x’ y) _ Z(An€2ﬂz;nz + B e 27rpnm>€%

nez

in H'(I, x [0,p]). Therefore,

ol = o 3 {o (220 ) (AR + 5P ) 2R, B o) = T

X
neZ

In the expansions of w, and w, we simply replace A, and B, with 2mnA, /p, —2mnB, /p
and 2minA, /p, 2winB, /p, respectively:

in? 2mnh 2mnh
fual? = aon 30 T fo (P00 (14265 e

neL p

) < 2mela, B},

2 h 2nnh —27n JR—
w2 —4phZ7T " { ( Wp” ) (140" + | Baf2e ™) + 2Re(A, B )},
nez

Denoting

mnh _znh 2mnh
Qp = Ane L bn = Bne L Tn =
p

we simplify the above expressions:

2
lel — iph Z” n’ D(7) = 1)(|an|? + [bal?) + |an + bal?}.

nez P

m2n?
lwy[|* = 4ph > e {(W () = D(|anl® + [B2]) + |an + bal*},

neL

'/T n
Y(Ta) — 1)(|an|2 + |bn|2) + an — bn|2}v

lwell* =

ne”L

Obviously,

lwylI* = llwell* = 16phz

ne”L nepP

n

12



where P = {n € 7 : Re(anb,) > O}. Next we estimate

||2

>4 hZ o W) = Dlanl + ) + lan + b}

673”

+ 1)Re(anb,).

Similarly,
V(1) — 1)Re(anb,).

wa”2

nep

Now we have

5 T etant) = 3 (2 ) — el ) | 22y [T

= 7 =\ p P\ ¥(m) -1

Applying the Cauchy-Schwarz inequality we obtain

2

2 2 —
Z o Re(ay, Z n U(1,) — 1)Re(anb,) Z\II Tn (1) + 1)Re(a,by,),

nep p nep ”

where

7_2 7_4

W(r)?2 =1 - sinh?(7) — 72

The function ¥(7) is monotone decreasing on (0, +00), and hence,

U(r) =

U(r,) < W(m) < ¥(0)=3.

Therefore,
lwyll” = llwal® < ==
and inequality (4.4) follows. O

|w[[[w.el (4.5)

We remark that inequality (4.4) is sharp, since

w(z,y) = cosh (g (:,; . g)) " (%)

turns inequality (4.5) into an equality.
We can now finish the proof of Lemma 4.1. By the triangle inequality and Lemma 4.2
we get

1G> = 1€ 1” + S llve = by l” = [P + 5 (e + 64) = 2y —wy) = 2w,y |* <

(6% 3 «
[e*1” + Slidy +vall® +6lldy —wyl* + 6w, l* < (4 + 67" Kg)lle®[|* + 6lfwy[*
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We estimate ||w, | by means of Lemma 4.3. By the triangle inequality and Lemma 4.2
lwll < flull + [lu = wi| < {lull + Kohlle®],
[well < |¢all + lwe — doll < (1+7Ko) e
Therefore,

2v/3(1 + 1K)
h

Thus, using somewhat arbitrary integer overestimation, we obtain

lwgl* < [l )l + (1 + 7o) (L + (23 + ) Ko) [l e

o oy  lull a
G < voofleey (14 pe). (16)
The proof of Lemma 4.1 is complete. n
Proof of Theorem 3.1. Theorem 3.1 follows from Lemma 4.1 via the even-odd ex-
tension method, whereby we define the new displacement ¢ = (@,0,) on the rectangle
I, x [=p,p], where @ and v are extensions of u and v such that
N u(zx,y if yel0,p . v(z,y if yel0,p
u(z,y) = (@) . 0.2 o(z,y) = (@) . 0.0
u(z,—y) if y € [-p,0] —v(z,—y) if y € [-p,0]

We observe that due to the boundary condition v(x,0) = 0, the extension gg is an H'(I}, x
[—p, p]) vector field, while @(z, —p) = u(x, p). Moreover,

( _u,x(xv y) u,y(xa y) 1
) .2, ) v,y<x,y>] tvelr)
Vo(z,y) =< ¢

u,x(xa _y) _Uﬁy(x? _y)
_U,m<x7 _y> U,y<‘r7 _y>

] if y € [—p,0].

\ L

Therefore, setting Q=1I, x [—p, p|] we get,

Vel @ = 20Vellia),  le(@)ll g = 2lle(@)lizq-
2 ~
. 12(@)
in the domain €2 completes the proof.

Proof of Theorem 3.2. Let ¢(x,y) = (u(z,y), (1 — x)v(x,y)), and let

It is also clear that ||| = 2”“”%2((2)- An application of Lemma 4.1 to the vector field ¢

G =GPz, &= %(é +an).

We compute

x
~ 0 —v _ 0 —51}@

G, =G+ , e=e, +
V+ TV, TU, —ZVU; —XTVy

14



Thus we immediately obtain that

IG.IP <6(IGI1? + [lv]l” + P> (vall” + [l l1?). (4.7)
and
el < llex]| +A(llvll + [[vyll)- (4.8)
We also estimate
vzl < |G, vyl < lvy +ull + [Jul] < lew + [lu]. (4.9)

Now we apply Lemma 4.1 to the vector field $ and o = 1, and obtain
161 < collel (41 -+ 121
Therefore, by (4.7) and (4.8) we obtain
IG.II* < Co (||€*||2 + ||€*H@ +lull (vl + vyl + ol* + 2*(lvs ) + ||U,y||2)) :
Applying inequalities (4.9) to the terms containing ||v .|| and [jv,|| we obtain
IGAI” < Co (He*HZ + He*H@ + [l Gl + [lull® + [lv]l* + hQHG*W) :
When h? < 1/(2Cy) we get the inequality
IG.I1* < Co (HG*H2 + H6*||@ Hulll Gl + flull® + ||U|!2) :

We also have
1 2 Cg 2
CollulllG.l < SIGHI + =2l

Thus, we obtain

u
IG.IP < Co (lle + et el -+ g+ ?) (1.10)

To finish the proof of the theorem we write ||ul|? using integration by parts and periodic
boundary conditions:
[ull* = (u,w+vy) + (uy —v,0) + [Jol*.

Thus,
lull® < flulllell + |G Hlv]l + v,

and using 2||ul/|le.]| < ||ul]? + ||e«]|* we obtain (3.6). Applying this inequality to the ||u||
term in (4.10) we obtain

u
IG.IP < Co (llalP + eI 1L + Gl + 1ol
from which Theorem 3.2 follows.

15



Remark 4.4. In the proofs of all of the Korn and Korn-like inequalities, the vanishing of
¢,(r, 0, L) was never used. Hence,

c(L)W3? < K(Vy) < C(L)R*2, (4.11)

where
Vi={¢¢€ Wl’Q(Ch;RB) 2 p(r,0,0) = ¢,(r,6,0) = ¢g(r,0, L) = 0}.

5 Korn inequality for gradient components

The goal in this section is to prove Korn-like inequalities (2.12) and (2.13) for gradient com-
ponents. While inequalities (2.11)—(2.13) bear a formal resemblance to the Korn inequality
(2.10), the distinct scaling exponents in (2.12)—(2.13) are a consequence of the high degree
of metric symmetry in the structure. By contrast, our methods in Sections 3 and 4 exploited
only the topological and smooth structures of the cylindrical shell. Not surprisingly, then,
the proof of (2.12) and (2.13) is based on exact calculations in Fourier space, rather than on
various integral inequalities, as in the proof of (2.10). In fact, the natural periodicity in 6 is
not sufficient, and we need the periodicity in z variable as well. The boundary conditions in
Vh(l), Vh(Q) and Vh(?’) permit us to achieve this goal in the same way as was done in proof of

Theorem 3.1 in Section 4. For Vh(l) we extend ¢, and ¢y as odd and ¢, as an even function

in z € [—L, L], while for Vh@) and Vh(?’) we extend ¢, and ¢y as even functions and ¢, as
odd. We remark that the periodic extension method cannot be applied to the boundary
conditions in the definition of space V}*. To fix ideas we conduct the proof for the space
Vh(l). The proofs for th and Vh(?’) are obtained by switching the sine and cosine series in

the z variable. Denoting the periodic extensions without relabeling, we expand the vector
field ¢(r, 0, z) in Fourier series in (0, 2):

o(r,0,2) ZZQ’)(m" (r,8,2), (5.1)

m=0 neZ
where
(
¢£m,n) = ¢,(r;m,n)sin (WZLZ> e gp(r;m,n) / / Or sm ) e¢"’dzdf
27

@™ = Go(r;m,n) sin (W?Z> ¢ po(r;m,n) = wL/ / g sin T; ) e dzdf
¢(m,n) _ (g ( “m )COS <7T’ITLZ> eine ¢ ( m, ) 1 /ZW/ ¢ COS ) znGd d6
| z = QT , 1 L ? T n L z L : .

We observe that in cylindrical coordinates
—rp(r,0,2) —LERITREON g (., 2)

VO(r,0,-2) = = | —u,(r,0,2) —Loalrleltodita g g )
61,0, 2) a0 g (1,0, 2)
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Therefore, it is sufficient to prove inequalities (2.12) and (2.13) for functions of the form

™z ™z

¢(m7")(r,9,z) = (fr(r) sin (T) , fo(r) sin <T>  £.(r) cos (mzez)) oind

Indeed,

- —~— C(L C(L
Jorel? =L 3 S e < aL 3 3 B jeggimmy e = S

m=1 neZ m=0 n€Z

with the similar bound for ||@..||. Observe that ¢™™ € Vh(l) or Vh(Q), provided ¢ € Vh(l) or
Vh(2), respectively. Therefore, Theorem 2.2 and Corollary 3.3 are applicable to such functions.
We now fix m > 1 and n € Z, and for simplicity of notation we use ¢ = (¢, ¢y, ¢,) instead
of gmm) = (™™ gbm™) ¢m™) Notice that if [|¢,| < 3|le(¢)|l, then Corollary 3.3 implies

that o)
or:1? < [Vol? < h le(o)]?,

and (2.13) is proved. Let us now prove inequality (2.13) under the assumption that ||¢,| >
3lle(é)]]. In that case inequalities (3.2) and (3.14) become

8

6=l + |62 11" < 3 lle(@)llllon] (5.2)
and o)
IVe|?* < — lle(@)lllloxll, (5.3)

respectively. We estimate

217
W[l ” = l6roll” < 2l éro = oll” + 2l 0ol < 21VI” + —5- 60 < C(L) [V,

where the Poincaré inequality has been used for ¢y. Applying inequality (5.3) we obtain

C(L
wlo > < C@Ivel < S e o
Thus,
cw

grl) < S el (54)

We next estimate

16 l1* < 20167 + Posll* + 2lldo0ll* < 2lle(D)II* + 2n7|| o],

and 5
mem

8
7o l9ll” = l10:1° < Slle(@)ll6, 1l

due to (5.2). Combining the last two inequalities we obtain

16L%n?

6012 < 2Me@? + 55 le(@) ] (55)
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By our assumption ||e(¢)[|? < ||¢,]|?/9. We use this inequality to estimate the first term on
the right-hand side of (5.5) and obtain

12L2n?
601l < == lle() (5.6)

Finally, multiplying (5.4) and (5.6) we get

C(L
w2l < S e

and (2.13) is proved. To prove (2.12) we utilize (3.2) to get,
160.2[1* < Gla < 2l| Ay | ([| Asym | + ll:]])- (5.7)

Choosing € = v/h in (3.12) and applying (3.13) to the resulting inequality, we obtain

CL)[ Asymll
N

Substituting now the last inequality into (5.7) we get

lr|| <

C(L
6012 Al

Invoking inequality (3.15), gives
C(L)
Vh

for sufficiently small A. This completes the proof for the case ¢ € Vh(l). If ¢ € Vh(2) U Vh(g')
we repeat the same proof changing sines to cosines in the expansion (5.1).

le(e)I*,

Io.:1I* <
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