PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #1
Due at 5pm to the Grader on Thursday 21 Jan 2021

(1) A beam of silver atoms is created by heating a vapor in an oven to 1227°C, and selecting
atoms with a velocity close to the mean of the thermal distribution. The beam moves
through a 1 m long magnetic field with a vertical gradient 10 T/m, and impinges a screen
1 m downstream of the end of the magnet. Assuming the silver atom has spin-1/2 with
a magnetic moment of one Bohr magneton, find the separation distance in mm of the two
states on the screen.

(2) A solid uniform sphere of mass m has a charge ¢ uniformly distributed over its surface.
The sphere spins on its axis with angular momentum L. Calculate its magnetic moment
© = g(q/2mc)L and determine the (dimensionless) constant g. (If you work the problem in
ST units, you will not get the factor of ¢ in the denominator.)



Solutions HW #1
(1) See the MATHEMATICA solutions notebook. We find a separation of 3.0 mm.

(2) The magnetic moment of a ring of radius r and current I is 77?I (in SI units), in the
direction normal to the plane of the ring. Since the current is generated by the rotating
charged surface, it is clear that p is in the direction of L.

We will integrate over the polar angle 0 < 0 < 7 to get the magnetic moment. The radius
of a ring around the surface of the sphere at angle 6 is » = Rsin . The surface area of the
ring that subtends an angle df is ds = 27r(Rdf) = 2w R? sin § df which we can check with

/7r ds = 27 R? /7r sinfldf = —2wR? cos 0| = 4w R*
0 0
The charge in this ring is dg = qds/4nR* = (¢/2) sin0df. The current dI in the ring is the

charge divided by the time T for one revolution, so dI = dq/T = dq(w/27), where w is the
angular velocity. The individual magnetic moments add up, so

_ _ 2 7 _ W [ 2, W4 2/”-3 _wa 2/1 42 :wqR2
/d,u /m‘dl Q/qu 22R | sin 6 do 22R _1(1 t7)dt 3

The moment of inertia of a solid uniform sphere with mass m and radius R is (2/5)mR?, so
its angular momentum is L = (2/5)mR*w and

gs1 . _ 5
= 39 m L= ngL where g= 3
which agrees with the statement of Problem 1.2 in Townsend. Note that in CGS units, the

definition of the magnetic dipole moment contains a factor of 1/c.



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #2
Due at 5pm to the Grader on Thursday 28 Jan 2021

(1) Consider a quantum state |¢(t)) which changes with time ¢ as

1 ezwt
t) = —=|+2z) + —|—2
[6(0) = 5l+a) + = 1-a)
where w is a real number. Interpreting the expectation value as the average of a large
number of measurements, calculate (S,) and (S,) as a function of time. What is happening,
physically? Can you guess what (S,) turns out to be without actually calculating it?

(2) Using the |+y) and |—y) states as a basis, find the representation (as column vectors)
for the states |[+x) and |—x).



Solutions HW #2

(1) We need first to calculate |(dz|1(t))]? and |[(Ey|(¢))]*:

(+zlv(t)) = 12 and  (—z[y(t)) = e\/; so [Ezlp@) = ;
and (+ylv(t)) = [12(+z| — \;§<_Z|1 [(t)) = ; (1 — z'ei“’t) = ;(1 — i coswt + sinwt)
(=yl(t) = [\}5<+z| + é(—z\] [(t)) = ; (1 + iei‘”t> = ; (14 icoswt — sinwt)
T ;(1 1 sinwt)

The expectation values are straightforward from here:

o
(5) = 5(1+sinw) @) + 51— sinwt) <—h> P et

The spin precesses about the z-axis. Note that at t = 0, [¢(t)) = |[+x%), so of course (S,) =0
at t = 0. It is pretty obvious, in fact, that we must find (S,) = (h/2) coswt.

(2) We have |[¢) = [+y)(+y[v) + |[-y)(=y[i), so calculate (+y|+x) and (+y|—x):

(Fyl+x) = Sl(+z[ Fi(-z[[[+2) +|-2)] = ;(1 T 1)
(tyl-x) = 5 [(+zl Fi{-z[][+2) —|-2)] = ;(1 +1)
Therefore, in the |+y) basis,

Note that this is Problem 2.4 in the textbook. This answer agrees with the solutions manual.



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #3
Due at 5pm to the Grader on Thursday 4 Feb 2021

(1) Find the resulting ket, as an expansion in the [£z) basis, that results from R(aj)|+z)
where R(cj) is the operator which effects a counter-clockwise rotation through an angle «

about the y-axis. Check to see if your answer makes sense for « = 0, « = 7/2, and o = 7.
Recall (2.42) and (2.43a) in the textbook.

Hints. Base your form of R(aj)|+z) on (2.32) in the textbook. You will need to evaluate
Jy|£z) to work this out, and that is most easily done by writing |+z) in terms of the |ty).

(2) Prove the following properties of commutators:



Solutions HW #3

(1) This is Problem 2.6 in the textbook. The operator R(cj) = e~/ so we want to write
|[+2) in terms of the |+y). Do this from (2.16) or (2.17a) and (2.19b), that is

SO |+z) =

[+y) = j§|+z> + jir—z> j§|+y> + jiw—w

e—ia/2 +w</2

Rloj)l+z) = R(oj) j§|+y>+j§|—y> -+ )

ROD+2) = sl + ol-y) = [+2)
A (T eim/4 etin/4 i )
R(G)Hm = b+ ) = )+ )
B 12 1 2 1 1 _
= §ﬁ|+ z) — 2\/—| z) = \/§|+Z>+ﬁ|—z> |+x)
A e~im/2 eTim/2 i i ;
Rl = b)) = =5 [+ — |9 =~ = |-a)

(2) This is Problem 3.1 in the textbook.
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PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #4
Due at 5pm to the Grader on Thursday 11 Feb 2021

(1) In a notation where angular momentum eigenstates are written as usual in the form
|7, m), calculate the following matrix elements. Where appropriate, use the Kroneker ¢, that
135kl:11fk;:land5kl:01fk7él

ml|J?|j, m)

7 m’IJZIJ, m)

{;
(
(g
d. {7, ’\Ji\y,m
(3
(5
(5

w\c,o l\J\O.J l\')\»—t
[Nl
+
(]
w\»—t
~—— ~—— ~—— ~——

(2) We show in class on February 9th (and as derived in Section 3.6 of the textbook) that
for a normal vector n = icos¢ + jsin¢ in the zy plane, the operator S, =S - n has the
correct eigenvalues (£h/2) regardless of the value of ¢. We also derived eigenstates | £+ n),
given by equations (3.98) and (3.101) in the textbook.

Extend this to three dimensions, using spherical polar coordinates to describe the polariza-
tion direction, that is
n =isinfcos¢ + jsinfsin ¢ + kcosf

Show once again that you get the correct eigenvalues independent of # and ¢, and derive the
eigenvectors in terms of # and ¢. Do this by solving the eigenvalue problem directly, as in
Section 3.6.



Solutions HW #4

(1) These are simple, just making use of standard relationships.

a. (j,m|J?|j,m) = j(j + 1)h?
b (§,m!|32]j.m) = § (5 + )R85

C. <j/7m,|jz’j7 m> = mhéjj/5mm/

d. (', m!|Jelgom) = /505 + 1) — m(m % 1) 050 ma

e (5317515, —3) = /35— (~3) sh = v2n

(2) This is really problem 3.2 in the textbook. The eigenvalue matrix problem is

Z[ax sin @ cos ¢ + o, sin fsin ¢ + o, cos §] < (tz|,u> ) - MZ ( étziﬁi )

Inserting the Pauli matrices, this turns into

(o o) () )

so the equation for the eigenvalues becomes
(cos@ — p)(—cosf — p) —sin?@ = —(cos? @ — p*) —sin®f = p?> —1 =0
and the eigenvalues ph/2 are indeed +h/2. For = +1, we have (with the top equation)

cos O(+z|4+n) + e “sinf(—z|+n) = (+z|+n)
(—z|4n)  1—cosf ,,  2sin’(0/2) _ ssin(0/2)

(+z|+n) “ Tame € 2sin(6/2) cos(6/2) ‘ cos(0/2)

From these we can just read off the (+z|+n) because they are already properly normalized.

For the u = —1 eigenvalue, we do the same thing, again with the bottom equation, so
cos (+z|-n) + e “sinf(—z|-n) = —(+z|+n)
(—z|—n) _ —ewl +cost s 2cos?(0/2) _ _€i¢cos(9/2)
(+z|—n) sin 0 2sin(6/2) cos(0/2) sin(0/2)

Since |+n) = |+z)([+z|£n) + |—2z)(—z|+n) we see that these coefficients agree with the
solution given in the problem statement in the textbook.



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #b5
Due at 5pm to the Grader on Thursday 18 Feb 2021

(1) This problem reiterates what we covered in class on Thursday 12 Feb. Label the combined
states of two spin-1/2 particles as we did in class, and also (5.8) in the textbook, as

1) =l+z,+2)  [2) =|+z,—2) PB)=l|-z+2) |4)=]|-2-2)
Then, for the operator S? from (5.26a) with (5.10),
S2 = S% + Sg + 2312g22 + §1+g2_ + §1_32+

calculate the matrix elements (1|S?|1), (1|S2]2), (2]S2[2), (2|S?|3), (3|S%|3), and (4|S?[4). Use
this to complete the full 4 x 4 matrix representation of S? in the |1), |2), |3), |4) basis. Find
the eigenvalues and eigenvectors. Finally, show that the eigenvectors are also eigenvectors
of S, = 5*12 + 5’22 and derive the eigenvalues.

(2) I want to try something different on this problem. The calculation in (1) above is integral
to calculating the “hyperfine splitting” in atomic hydrogen. We mentioned this in class, but
the result is derived in detail in Section 5.2 of your textbook. The transition between these
states corresponds to electromagnetic waves with frequency v = 1420 MHz, or a wavelength
close to 21 cm. It was first measured in the laboratory (not in the Galaxy, as I said mistakenly
in class) by Nafe and Nelson, Phys.Rev. 73 (1948) 718. (This seems to be at odds with
Footnote 2 on page 146 of your textbook.) Its discovery in the Galaxy was first observed by
Ewen and Purcell, Nature 168 (1951) 356.

I want each of you to find a different journal article that reports on a measurement that
involves the so-called 21 c¢m line in atomic hydrogen. Most of these will likely be in papers
on astrophysics, but I think you can also find some particularly precise laboratory mea-
surements. Any use of this radiation is fine, including papers that show results on galactic
rotation curves based on the Doppler shift.

To make sure you each come up with a unique reference, communicate with each other,
either using GroupMe or through me or whatever you’d like.



Solutions HW #5

(1) We need to find the matrix elements of all six terms of S2 and add them up. All four
states are eigenstates of S% and S% with the same eigenvalue 3h% /4, so those are simple. They
are also eigenstates of Sy S, with eigenvalues +h2/4 for |1) and |4), and eigenvalues —h? /4
for |2) and |3). Therefore, the first three terms in S? contribute only to the diagonal, with
(3/4+43/4+2x 1/4)h* = 2h* for the 1,1 and 4, 4 elements, and (3/4+3/4 —2 x 1/4)h* = h?
for the 2,2 and 3,3 elements. For the fourth and fifth terms, we need to recall

Seljym) = /(G Fm)(G £ m+ D)hlj,m+ 1)

which gives S1, S5 |3) = 1%[2) and S;_ S, |2) = 1%[3), and zero for each operator on all other
states. Therefore, these do not contribute anything to the diagonals, and give A? for the 2,3
and 3,2 matrix elements. The eigenvalue equation S2|p) = ph?|p) then becomes, in the 1),
12), |3), |4) matrix representation,

2—pu 0 0 0 (1]p) 0
0 1—-p 1 0 (2| ) 0
0 1 1—pu O (3| ) 0
0 0 0 2—u (4| 0

It is easiest to calculate the determinant using “minors”, that is, the 1,1 element times the
determinant of the bottom 3 x 3 matrix, which itself is the 4, 4 element times the determinant
of the middle 2 x 2 matrix, that is

(2= p)?[(1=p)* =12 - p)’n=0

so the eigenvalues are p = 2 three times, and 4 = 0. Two of the u = 2 eigenvectors
are obviously 1) and |4). The third 1 = 2 eigenvector, and the p = 0 eigenvector (after
normalization) are also easy to find, just the sum and difference of the states |2) and |3)
divided by v/2. Noting that 2 = 1(1 + 1) and that S, = S;_ + S5, has eigenvalues +1 and 0
for the three p = 2 states, and eigenvalue 0 for the p = 0 state, we identify the eigenstates
as 7 = 1 and j = 0 angular momentum eigenstates. That is

Ly =
1.0) = —=[2+P3)
L-1) = |4

0.0) = —=[12-13)

(2) If you enter either “1420 MHz” or “21 em” into Google Scholar, you will see a long list
of highly cited articles.



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #6
Due at 5pm to the Grader on Thursday 25 Feb 2021

(1) Work through the details of the discussion in Section 4.4 of the textbook and derive the
Rabi formula (4.45) for the probability (as a function of time) of observing the “spin-down”
state |—z), when it is initally in the “spin-up” state |—z), in terms of the strengths By and
By of the static and oscillating magnetic fields, and the oscillation frequency w, namely

W2 /4 o (-0 +ud/e

) = ot o7 .

where wy = gqBy/2mc and w; = gqB;/2me. First, follow the text to obtain the matrix
equation (4.41). (Be careful of the signs of the exponents.) Then, explain (as in the text)
why it is OK to ignore the terms with w + wy and rewrite the simplified matrix equation.

Solve this pair of simplified equations to find ¢(¢) and d(t), but not with assuming that
w = wp. You can do this by assuming that c(t) and d(t) have a ¢ time dependence, and
then solve algebraically for . There are two solutions, and you can use the initial conditions
to find the right linear combination. The Rabi equation comes from the inner product of
the row matrix (0 1), that is the representation of (—z| in the |£z) basis, and the column
matrix of a(t) and b(t), that is the representation of [¢(¢)) in the same basis.

Plot the amplitude of the oscillations as in Figure 4.6 in the textbook, that is the maximum
value of the transition probability as a function of the frequency w of the oscillating field.
If you write w = xwy, then you can plot it against x for values near unity. Make the plot
for three different values of the ratio By/By = 1072, 1073, and 107%. These might be
typical ratios for a Magnetic Resonance Imaging (MRI) scanner. Does this help you see
MRI machines are valuable medical diagnostic tools?

(2) This is a general question based on generic states and Hamiltonian. Do not confuse this
with “spin” or “angular momentum.” In some three-state system with states labeled [1), |2),
and |3), suppose that the matrix representation of the Hamiltonian is

E, 0 A
0 F 0
A 0 E

a. If the initial state |¢(0)) = |2), find the state [¢)(t)) as a function of time.
b. If the initial state |¢)(0)) = |3), find the state |1)(t)) as a function of time.
Express your answers as time-dependent linear combinations of |1), |2), and |3). Remem-

ber that it is always easiest to find the time evolution of a state with a time-independent
Hamiltonian by expressing the state in terms of the energy eigenstates.



Solutions HW #6

(1) See Problem 4.9 in the textbook. The simplified version of (4.41) gives the two equations

ie(t) = %ei(wo_“)td(t) and  id(t) = %e‘i(wo_w)tc(t)

The first equation gives d(t) = (4i/w;)e " “0=“)i(t). Use this and the second equation to
remove d(t) after taking the time derivative of the first equation, that is

, 4i wy w1

ZC(t) — iﬂ(wo . W)BZ(WO_w)t76_Z(w0_w)tc'(t) + 7167'(“}0_“})1:ie_l(WO_w)tC(t)

4 w1 4 47
2

{t) = z'(wo—w)c'(t)—%c(t)

Using c(t) = ¢’ find —a? = —a(wy — w) — wi/16, or

(wp —w) + \/(wo —w)2 4+ w?/4 _

o= 5 o
Therefore, the solution for ¢(t) takes the form
c(t) = cpe ™+t c_e ot
and the solution for d(t) becomes
d(t) = —iei(“’ow)t(qawm” +c_a_e™h)

The initial conditions are ¢(0) = 1 and d(0) = 0, since the initial state is |+z), so

cy+c_=1 and cyay +c_a_ =0
Solving these gives
o o _ d oy oy
cy = — =— an c. = =
ar o flwy - w) ud/d O =0 J(wp —w)? + w4

I don’t see how we are going to enforce |c[*> + |d|* = 0, but let’s press on. Maybe it’s
guaranteed from the way we wrote the formalism and the initial conditions. We want to
calculate |{—z|y(t))|* = |b(t)|* = |d(t)|?, so, noting that the cy are real,

16 , , A ,
ld(t)]* = 2 (C+Oz+e_w‘+t + c_a_e_w‘*t) <c+oz+ew‘+t + c_oz_e“’*t)
1
16 . .
= — (Ciai +cta? +eic_ayol {e““*’a‘)t + e”(‘”’“‘)t})
Wi
165 o | 2 9
2 (c+a+ +cfa® + 2c,c_ayacos|(ay — a_)t])
1

16 a%a? +a?af +2a% a2 cos[(ay — o )t]
w? (wo —w)? + wi/4




Now

oo = (wo —w)? — (wo —w)® —wi/4 _ wi
4 16

Therefore

w? 1+ cos(ay —a_)i]
8 (wop—w)?+wi/4

= w—% L sin? (a+ i t)
4 (wy —w)? +wi/4 2

AM Q(Wwo—w)”“%/4t>

)] = [{—z|(t)[?

T (wo—w)2 +w?/4 S 2

which is Rabi’s formula. The “amplitude” is the factor in front of the sin? function.

If we write w = zwy and r = wy /wy = By /By, then the amplitude is

wi/4 r?ws /4 r?

(wo — w)? +w?/4 N (wo — T2wp)? + r2wd /4 - 41 — 22)2 + 12

Following is a plot of the amplitude versus x made with MATHEMATICA:
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(2) This is really Problem 4.13 in the textbook. The true lesson here, which I missed when I
first started working on the problem, is that it is always easier to find the time dependence
by expressing a state in terms of the eigenstates of the Hamiltonian. So, first find the
eigenvalues and eigenvectors for the given Hamiltonian matrix. We need to set

Ey—E 0 A
O E1 - E 0 == (EO—E)2<E1—E>—A2(E1—E) == (El—E)[<E—E0)2—A2] - O
A 0 Ey—E

so the eigenvalues are £ = F1, F = Ey+ A, and E = Ey — A. Therefore, as represented in
the |1), |2), |3) basis, the eigenstates are

0 1 1

(1) for E=FE; and ﬁ i01 for E=Ey,+A=FE,

after solving the matrix equations for the eigenvalues and normalizing the eigenvectors.

For Part (a.), the initial state |¢)(0)) = |2) = |E1), that is, an energy eigenstate. This is a
stationary state with a simple time dependence, namely

[(t)) = e TRy (0)) = e F11/7|2)

For Part (b.), the initial state |¢)(0)) = |3) is no longer an energy eigenstate, but it is simple
to express it as a linear combination of energy eigenstates, namely

$(0)) = |3) = ng - j§|E_>

It is now straightforward to find the time dependent state.

1 —iEt/h 1 —iE_t/h
e E e - E_

() = e yp(0)) =

We can also write
1
V2

and the time-dependent state becomes

B)= o)+ —l3)  and 5=

|
VAR BVoR

e~ iBot/h {(efiAt/h _ €+z’At/h> ‘1> + (efiAt/h + 6+iAt/h) |3>]
, A , A
—iEot/h (¢ <ht> |3) — de " Eot/hgin (ht) |1)

It’s good to note that the initial condition is satisfied. I suppose there may be some insight
gained by expanding the exponentials and writing everything in terms of sines and cosines,
but it seems pretty clear that the state oscillates between |1) and |3).

l(t)) = o~ iEot/h ,—iAt/h [

. . 1 1
—ZEot/he-i-ZAt/h l|1> o 3 ]
7 3)

ST
—_
[\

™



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #7
Due at 5pm to the Grader on Thursday 4 Mar 2021

(1) Prove that [2",p,] = ihni"'. You can do this using a relationship you proved on
Homework #3, namely [AB, CA’} = A [é, C’} + {fl, CA’} B. Then use this result along with the
Taylor expansion of F'(z) about = 0 to show that

- L OF
[F(l‘),pm] :Zhail,('r)

Finally, show that the Hamiltonian

. 1
H=_—p>+V(2) gives dp:) = < dV>

2m dt dr

and explain how this is equivalent to Newton’s Second Law of Motion.
(2) A particle of mass m sits in a one-dimensional infinite well such that V(z) = 0 for
0 <z < L. The particle cannot be found outside the well.
a. Find the energy eigenvalues and their eigenfunctions. Compare your answers to the
eigenfunctions (6.106) and eigenvalues (6.110) in the textbook.

b. Suppose that the wave function at time ¢ = 0 is given by

1+i\ [2 1 [2 2
w(x,tzo):< ;Z>\Esin7?+\/§\ﬁsmzx

for 0 < x < L and zero elsewhere. Prove that this wave function is properly normalized.
You can do this by integrating ¥*y over 0 < x < L, but there is an easier way.

c. Find the wave function v (x,t), that is, as a function of time.

d. Calculate the expectation value (F) of the energy. You can do this by integrating over
0 <z < L, but there is an easier way. Why is (F) independent of time?

e. Calculate the expectation value (x) of the particle position, as a function of time. This
is a little tedious, unless you us something like MATHEMATICA.

f. What is the probability, as a function of time, that a measurement of the energy will
yield the value A*m%/2mL?. Once again, you can do this by integrating over 0 < z < L,
but there is an easier way.



Solutions HW #7

(1) Use the formula given to show a progression, namely

2", 5] = @"7 &, pe) + [27 7 pald
= ihd" 4 [2" f)E = iha" T 4 {iha" 2 [0 pli ) b
= = ih2e" T+ [2"72 pu)a? = - = ihna™ !

Now writing the function F'(x) as a Taylor expansion, we have

1 OFF 1 OFF

S\ A _ - v koA | - s ~k oA
[F<x)>px] - [k k' axk :E:Ox 7pa:‘| - k' axk o |:x 7p33:|
1 OFF aF
= — —— | ihki" = ih——(d
250 k|, =@

Therefore, the calculation for the rate of change of the momentum expectation value is

d<§tx> = ([Fp) = 5 V(@) pd) = - <ZV<>>

The negative gradient of the potential energy is called the “force” in classical mechanics.
Therefore, this says the force equals dp/dt = mdV/dt, i.e. Newton’s Second Law of motion.

(2) The differential equation is the same as (6.88) inside the box, so the solution is still
(6.100), namely ¢ (x) = Asinkx + Bcoskz. However, now we need ¢(0) = 0 so B = 0,
and setting ¢(L) = Asin(kL) = 0 which is the same as (6.104) with a — L. Therefore, the
quantization condition is identical (of course), and the energy levels are the same as (6.110),
again with a — L. The eigenfunctions are the same as (6.106), but with  — x + a/2 which
converts all the cosines to sines, and n = 1,2, 3.... The normalization factor is the same as
n (6.108), of course, once more with a — L.

The wave function is a linear combination of the normalized n = 1 and n = 2 energy
eigenfunctions, so it is properly normalized if

l—l— 1— 142 1 2 1
i i)( z)+ B

4 2_4+2

The integral is done in the MATHEMATICA notebook. Since e HY/"E) = ¢~ Bt/ E) | the
time dependent wave function is the same as [1(x,0)) but with factors e 1/ and e~*F2t/"
in front of the the two terms. The expectation value of the energy must be a constant in
time because the Hamiltonian commutes with itself! Explicitly, for [¢)) = a|E1) + b|E»),

1 h*r? n 1 h*r? 9 R*m?
22mlL? * 22mL? 22mlL?
This is also calculated analytically in the MATHEMATICA notebook. For (x) we find

8v2L 3m%th 3m%th L
(x) = sin os| —— ||+ =
e 2L%m 2L%m 2
Finally, the probability to find the particle in the first energy eigenstate is just |(1+14)/2|* =
1/2, which is also calculated analytically in the MATHEMATICA notebook.

(E) = |al*Er + BBy =




PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #38
Due at 5pm to the Grader on Thursday 11 Mar 2021

(1) The uncertainties in position Az and momentum Ap, for some state |¢) are determined
from the expectation values of z, 22, p,, and p? by

Az = ((z = (2))*) = (=) = (@)*  and  (Ap)" = ((pr — ())*) = (B2) — (1)

a. Determine Ax and Ap, for the ground state |0) of a particle of mass m in a harmonic
oscillator potential energy V(x) = mw?x?/2. Calculate the expectation values by
integrating over z. (The normalized ground state wave function is Equation (7.44) in
your textbook, and you are welcome to do the integrals using MATHEMATICA, lookup
tables, or whatever other modern convenience you have at your disposal.) Form the
product AxzAp, and show that it is the minimum value allowed by the uncertainty
relation (3.74).

b. Determine Az and Ap, for an arbitrary energy eigenstate |n) using operator methods,
that is, writing & and p, in terms of @ and a'. Show that your answer for n = 0 agrees
with what you calculated above for the ground state.

(2) Consider a particle of mass m in a harmonic oscillator potential energy V (z) = mw?x? /2.
The initial state is given in terms of energy eigenstates |n) by

|(t =0)) = aln) +bn+ 1)

where a and b are, in principle, complex constants. That is, a superposition of two adjacent
energy eigenstates. The state |¢)(t = 0)) is, of course, properly normalized.

a. Calculate the expectation values (z) and (p,), both as a function of time. Comment
on the result if either a or b is zero, and the effect of the relative phases of a and b on
the result. Feel free to modify the notation if you think that is helpful.

b. For n = 0 and a = b = 1/4/2, your answer should follow, and agree with, Example
7.3 in your textbook. Calculate and plot the probability density |(z|(¢))|? for times
t=0,t=m7/2w, and t = 7/w, as shown in Figure 7.10. (If you know how to do it,
write a program that animates this.) Comment on how your result compares to (z).



Solutions HW #38

(1) For Part (a), use (7.44) (]0) = (mw/7h)"/4e~™=*/2" and MATHEMATICA to compute

(@) = [Zwmummm_o

(@?) = [:mmmm%mnzmzj

) = 5[ ol L lo) =0

W) = [ el i) = "N

Therefore Az = /h/2mw and Ap, = /mwh/2, so AxAp, = h/2. From (3,74), and also
(3.71), we expect AzAp, > [{[Z,p:])|/2 = h/2, since [%,p,] = ih. Therefore, the ground
state of the harmonic oscillator is a minimum uncertainty state.

For Part (b), we use operator methods. Note that this solution is pretty much done completely
in Section 7.5 of the textbook. Now we use (7.11) and (7.12) to write

. 54 at
r = a+a
2mw( )
;2 M or tad +ata+at
¢ = (@*+aa"+a'a+a")
2mw
h
o = —iy| (@ —al)
2
h
PRo= T;4—ﬁ+aw+am—aﬁ

Now since @ and a' have nonzero matrix elements in the |n) basis only for off diagonal terms,
neither they nor a2 or a!* will contribute to the matrix elements (), (z2), (p,), and (p?).
Therefore (z) =0 = (p,). However,

(nlaa‘ln) = Vn+1(nlan+1)=n+1
and (nlafaln) = +nnlafln —1) =n

h h 1
heref Y = o—mtl4n) = (n+ )
therefore (x*) Qmw(n+ +n) — (3

h 1

and  (p2) = ﬂl;u(n—l—l—l—n):mwh(njLz)
1
SO Az = e n+ -
mw 2

1
and Ap, = Vmwh n—i—i
1
giving, finally, AzxzAp, = <n—i— 2) h

The minimum uncertainty relation is only achieved in the n = 0 state.



(2) We follow the procedure we used in class, namely Example 7.3 in the textbook. The
time-dependent state is

(1)) = ae B |n) 4 bemiEnr1t/h )y 4 1)
et/ [a|n> + be“Hn + 1>}

Expressions for  and p, are given in the first problem. We will need the matrix elements
Wt)alw(t)) = [a*(n]+ b€ (n+ 1] @ |aln) + be ! |n + 1)]
= [a*<n| + b et (n + 1|] [a\/ﬁ|n — 1) + be™/n + 1|n>}

= a'be™n+1
and  (P()af[v(t)) = |a"(n]+ 0% (n+ 1] af aln) + be ™ |n + 1)]

= [a*<n| + b et (n + 1|] [a\/n +1n 4+ 1) 4+ be ™'/n + 2|n + 2)}
= brae™'/n+1

The expectation values (x) and (p) follow straightforwardly, namely

h , .
() = \/=— (a*b e ™+ b*a e“t> V41
2mw
h ‘ .
and (pe) = —W% (a*b e ™ —b*a e’“t) vn+1

Now take advantage of the invitation to “modify the notation.” Let’s make a real, which in-

volves no loss of generality, just an overall phase factor for [¢(¢)). Then enforce normalization
with b = v/1 — a2e™®, where § is a real phase. This makes

a*be ™ +b*ae™ = avl— a? {e”’(“’t”) + e”(m”)} = 2aV'1 — a? cos(wt + 0)
and a*be ™ —b'ae™ = avl—a? [e‘i(Wt+5) — e+i(“’t+5)} = —2iaVv'1 — a?sin(wt + 9)

and the expectation values become

(xy = \/:ju\/n—i— Lav1 — a? cos(wt + 9)

and (pe) = —V2mwhvn + 1av1 — a? sin(wt + )
d)
dt

as it should be.

For a = b = 1/4/2, which means § = 0, and n = 0, we get

h h
(z) =1/ 5 €08 wt and (pp) = — m;] sinwt

the first of which agrees with Example 7.3.




The probability density is

plz,t) = [{zly(t)]? |
= la(z|n) + be ™ {x|n + 1)|?

= al*|{z|n)[* + [BI*|(z|n + 1)|* + a’be™" (z|n)*(z|n + 1) + ab"e™ (z[n){z|n + 1)"
1 1
S/ (@l0)F* + S + (2]0) (x]1) coswi

where we put n =0, a =b =1/ V2, and recognize that the wave functions are real. The
textbook gives the wave functions for (z|0) in (7.44) and (z|1) in (7.46), namely

mw\ /4 2
0) = —mwz*/2h
o = (5) e
1/4

4 3
and (x|1) = l (?)] ge /2
m

Following is the MATHEMATICA reproduction of Figure 7.10:

NIy Ay O




PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #9
Due at 5pm to the Grader on Thursday 18 Mar 2021

(1) Prove the relation between the square of the orbital angular momentum operator L2 and
the 3D position and momentum operators p and r that we used in class, namely

A A

L2=L-L=1LL;=*p*— G -p)?+iht-p

Make use of the definition [A/z = €;jx2;Pr (Remember: We are using the Einstein summation
convention!), the commutation relation [Z;, p;] = ihd;;, and the very useful theorem

EijkEilm = jz5k;m - 5jm5m

I'm assigning this problem mostly because I want you to appreciate the power of this notation.
It’s tricky, though, so here are some tips. First, note that, for two vectors A and B, we have
A -B = A,B; = A;B; = 6;;A;B; where any two repeated indices are summed, so they are
dummy indices. Remember that all three z; commute with each other, as do all p;, whereas
[Z;, p;] = ihd;; tells you how to “flip” the order of position and momentum. You also have
0ij0i1, = Ogj, and similar examples. Can you convince yourself that dy, = 37

So use the expression above for €;€im, and look at what momenta and positions are “paired”
by the Kronecker delta to guide yourself towards the result you want to obtain. You can get
to the final answer in eight or ten lines of algebra.

(2) The wave function for a particular particle has the form

U(r) = (z+y+2)f(r)

where f(r) is some arbitrary function of the radial spherical coordinate. Express ¢(r) in
terms of spherical harmonics, tabulated in many places including Equations (9.151), (9.152),
and (9.153) in your textbook, and then determine the following:

a. What are the possible results of a measurement of IAJ2, and what are the probabilities
for getting these results?

b. What are the possible results of a measurement of I:Z, and what are the probabilities
for getting these results?



Solutions HW #9
(1) Note that this is done in MQM3e (3.226) albeit with some notation changes. We have
tz = f, : f; = f/zfm = (&jk@jﬁk)(&zmilﬁm) = €z‘jk€ilm§7jﬁk§3lﬁm = (5jl5km - 5jm5kl)56j]5k5%lﬁm

The first term dots the x’s together and the p’s together, which is what we want in the first
term we are trying to derive, but they are in the wrong order. So flip the inner pair using
the commutation relation, and get

810kmZ i Dk iPm = 0j10km T (ZiPr — Phdk))Pm = T2 PkDr — 116 j10km k1T Pm

Now & ;i ;pxpr = £2p?, which is what we were going for. Also 0;10km0k = 0k0km = djm, SO We
also have —th0;;0km 012 jPm = —iht - p. Working next on the second term of L2, we notice
that it instead dots z’s with p’s, so focus on the term (f - p)? = &;p;2,;p;. We have

OimOkiZiPkZiPm = 0jmO@ Pk (Pmi + thdim) = 0imOki®;PePm@i + 1R jmOkiO1m TP
= 0jmOmTjPmPrs + 1h0 jmOriOtm TP
= 0jmOu i Dm (TiDr — ih61) + 110 jm O 01 T 5Dk
= 0jmOmTiPmT1Dr — 110 0k10k P + tHO jrm Okt Ot T P
= I;p;irpr — 3ihd;p; + thd;p; = (- p)° — 24ht - P
where we recognize that 00, = 3. Finally, putting this all together, we get

~

L% = #?p® —iht - p — [(¢ - p)* — 2iht - p] = t*p? — (¢ - p)? +iht - P

(2) From (9.152) and the definition of spherical coordinates, we see that

3 3z
Yip(0:9) = yf-cost =1/ —~
3 31

Y11(0,9) = —\/;(cos¢+isin¢)sin6’:— ——(z +1y)

8mr
3 . : 31 :
and Yy _4(0,¢9) = 8—ﬂ(cos¢—zsm¢) sm@:\/;r(a:—zy)

SO r = \/E’f’ Y1,-1(0,0) — Y1,1(0, )]

z = \/fﬂ/l’o(& ®)

Therefore  (rfe) = R(r)N [(i — 1)(r[1,1) + (i + 1)(r[1,—1) + vV2(x[1,0)]
i+1

1—1 1
SO V) = W|1’1>+ \/6|1,—1>+\/;|1,0)

is the (normalized) angular part of the state. A measurement of L2 can only yield 1(141)7* =
2h? and any measurement of L, will give £A or 0, each with equal 1/3 probabilities.




PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #10
Due at 5pm to the Grader on Thursday 25 Mar 2021

(1) The deuteron is the simplest atomic nucleus, the bound state of one proton and one
neutron. Experiments show that they are in a relative s-state, that is, £ = 0, and that the
binding energy, that is, the energy that needs to be added to separate the proton and neutron,
is 2.2 MeV. Experiments also show that the force that binds the proton and neutron can be
represented by a finite spherical well of radius @ = 1.7 fm, that is, twice the RMS radii of
the proton and neutron. Use this data to find the depth, in MeV, of the finite spherical well.
Some computer programming is required to solve the resulting transcendental equations.

Your textbook outlines a graphical approach to estimate the solution, but I think it is easier
to transform the equation to solve for v = V4 /| F| using MATHEMATICA or some other tool.
I wrote the appropriately rearranged version of (10.60), plotted both sides to estimate the
solution, then used a numerical function to determine the intersection.

When you have the well depth, make a plot that combines the shape of the potential well,
a line for the energy level, and the (normalized) wave function u(r). This is Figure 10.9 in
your textbook.

You might be amused to know that I solved this problem as an undergraduate in 1976. The
numerical solution required me to write a FORTRAN program, typed onto punch cards, which
were fed into an IBM 360 Mainframe computer.

(2) An electron is in the ground state of tritium, a nucleus with one proton and two neutrons.
Tritium is radioactive, and beta decays to the nucleus *He, with two protons and one neutron.
The decay happens, for all purposes, instantaneously. Calculate the (numerical) probability
that the electron remains in the ground state of the 3He™ ion.



Solutions HW #10

(1) The equations are worked out in Section 10.3 in the textbook. We find V{ from

2pa? Vo Vo
B2 1) =—,/22 1
J 1 )] B
This lets us solve for the dimensionless quantity V,/|E| = v because we can just write down
the value of 2ua?|E|/h?® from the information given. With y = m,m,,/(m, +m,) = my/2,

2ua’ myc? a 940 x (1.7)?
Bl = —m Bl = —55—
h h=c 200
The solution is given in the MATHEMATICA notebook. We find v = 22.3 so Vj = 49 MeV.
The plot is straightforward. The result from MATHEMATICA is

0.6

tan

x 2.2 =10.1494

0.5F

0.4F

0.3F

0.2F

0.1F

-20}+

=30}

40

-50r

(2) The probability to measure some eigenstate state |a) when the system is in a state [¢) is
|{al1)|?. Denoting one-electron atom energy eigenstates as |Z; nlm), this problem asks what
is the probability of finding the He™ ion in the energy eigenstate |2;100) when it is in the
state |1;100). So, referring to (9.151) and (10.43) we calculate

(2:100/1;100) = / d*r(2; 100[r) (x|1; 100) = / R 10(r) Yo (0, 0) Rusao(r) Yoo (6, 6)

00 . T 2m 1
= [/0 erTRg;lo(r)Rl;lo(r)} [/0 sin 60do ; d(béhr}

o 3/2 3/2
/ r2dr?2 <2> e~ 2r/a0 9 (1) e~ T/a0
0 Qg Qg

8vV2 [ 8v2 3 24/2
—\é_ r2dre3r/e0 = —[2! (ao) = V2
ag Jo ay 3 33
Therefore, the probability is 29/3% = 0.702. That is, there is a 70.2% chance of finding the

3He™ ion in its ground state.




PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #11
Due at 5pm to the Grader on Thursday 1 Apr 2021

(1) Consider Problem #1 from Homework #10, the assignment from last week. Show that
there exists another solution that satisfies the same criteria, but with a much deeper well.
This is not a physically valid solution only because, in this case, £ = —2.2 MeV is the energy
of the first excited state, and there is no experimental evidence for a more deeply bound
ground state in deuterium. Nevertheless, find the energy of this fictional ground state, and
make a plot of the wave functions for the ground and first excited states. How do these plots
compare to the one you made last week?

2) Consider a particle of mass m bound l)y all iS()tI'()piC harmonic oscillator p()tential in two
dimensions, that is

a. Show that the Hamiltonian H naturally splits into the sum of two commuting Hamil-
tonians H, and H,, similar to the way we treated the three dimensional case in class.

b. Show that the energy eigenvalues are E, = (n + 1)Ziw forn =0,1,2,..., and express
n in terms of the quantum numbers n, and n, for H, and H,.

c. Discuss the level of energy degeneracy for the lowest few eigenvalues.

d. Define an orbital angular momentum operator in the usual way, namely

L = 2py — ype
You can express L in terms of the creation and annihilation operators corresponding
to H, and H,, as in Equations (7.11) and (7.12) in your textbook. Prove explicitly

that [f[ , j}] = 0. What symmetry argument can you give that says this is exactly what
you should expect?

e. There are two eigenstates |n,,n,) with the same energy F; = 2hw. Determine the
correct linear combinations of these that are eigenstates of L. (They have to exist,
because [H, L] = 0, right?) You might be able to guess them, but you can also just
diagonalize L in the |n,,n,) space. What are the eigenvalues of L?



Solutions HW #11

(1) Repeating the solution from last week, but extending the range of the solution, we find
that in addition to v = Vy/|E| = 22.3 we also find a solution v = 154.7. Using this latter
value implies Vj = 340.4 MeV. (See the MATHEMATICA notebook for details.) Solving now
for v using this value of Vj, we find the two eigenvalues £ = —242.7 MeV and, of course,

E = —2.2 MeV. Here is the plot of the two wave functions:
10 r I

0.0 r (fim)

-0.5+

Just as we expect, the ground state now has a much smaller extent outside the well, and the
2.2 MeV state has a node inside the well.

(2) Clearly H = H, + H, where H, = p?/2m + mw?3?/2 and H, = p2/2m + mw§?/2, two
operators that commute with each other. Therefore |E) = |n,, ny> and E=FE,=FE, +E,
with E,, = (n, + 1/2)hw and E,, = (n, + 1/2)hw so E, = (n + 1)hw where n = n, 4+ n,.
The n = 0 state is nondegenerate, since onl6 n, = n, = 0 gives n = 0. The first excited
state (n = 1) is twofold degenerate, namely |1,0) and |0,1). The three states |2,0), |1,1),
and |0,2) all have n = 2, so the second excited state has degeneracy 3, and so forth. Now,

L= it "M, v al)(a, —al) — (@, + a])(a. —al)
= —iZ(aIay — Gy} + ata, —alal — a,a, + a,al — ala, +alal) = in(a.al —ala,)
The Hamiltonian is H = H, + H, = (ala, + af 1ay + 1)hw, so for [H, L] = 0 we need to show
[ala, + ala,,a.a] —ala,) = [&;Ax ax]& 6} a,,al)a, + aslala,, al] — af[ala,, a,]

+axa +ala, =0

where we used (7.19) and (7.20). This is expected since L generates rotations about the z-
axis, and the Hamiltonian is symmetric in the zy plane. Writing |A) = |1,0) and |B) = |0, 1),
we have (A|L|A) = ih(A|B) =0 = (B|L|B), but (A|L|B) = —ih = —(B|L|A). Therefore,
writing the eigenvalues of L as M, we find A from

N —i )
det(z. _/\>—)\—1—0

so the eigenvalues of L are +h. For +h, we have i(+h|A) — (+h|B) = 0, while for —h we
have —i(—h|A) — (—h|B) = 0, so the normalized eigenvectors are

1 i
| +7) = f!A> \f|> and |—ﬁ>=ﬁ|A>—ﬁ!B>



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #12
Due at 5pm to the Grader on Thursday 8 Apr 2021

(1) Consider a simple harmonic oscillator in one dimension z for a particle of mass m and
with a potential energy function mw?z?/2. Now add a “perturbation” of the form mw?x?/2,
where w; < w. Calculate the energy shifts through second order. Of course, this problem
can be solved exactly. Expand the exact energy eigenvalues in powers of w;/w to compare
to the perturbation expansion.

(2) This problem asks you to calculate the effect of the finite size of the proton on the energy
levels of the hydrogen atom. The proton is a “fuzzy” object with a radius close to 1 fm, but
for this calculation let’s assume it is a uniformly charged sphere of radius R. First, show
that, for the radial coordinate r < R, the electrostatic potential energy is

V(r) = 3 <R2 — il))r2>

It is probably easiest to do this by using Gauss’ Law to get the electric field inside the sphere,
integrating to get the potential, and enforcing continuity at r = R.

The difference between this potential energy and the point-like form we used to solve the
hydrogen atom, can be treated as a perturbation. Calculate the effect of the energy shift on
the 1s, 2s, and 2p states of the hydrogen atom, that is, the states [100), |200), and |21m).
Why do you not need to be concerned about the degeneracy in n = 27

It will be best to use MATHEMATICA or some similar application to carry out the necessary
integrations. Argue that, physically, R < ay and use this to simply your expressions. It is
easy in MATHEMATICA to use the Series function to expand any expression in some small
quantity.

If you write your answers for E£,10)7 E;lg, and Eéll) as a numerical value times e?/ag times a
power of R/ag, you will find that the [ = 0 and [ = 2 states have very different dependences
on R/ag. What is the physical reason for this difference?



Solutions HW #12

(1) Let’s do the exact solution first. The Hamiltonian is

Therefore, the energy eigenvalues are

1 1 W wi
En:<n+2)ﬁ\/w2+w%: (n+2>hw<1—|—wl?—wl4+--->

and so we expect perturbation theory to tell us that

w? 1 wi
EWL — < ) hw and E® — _ < > hw—-
" 2w2 " Sut

Write the perturbation in terms of creation and annihilation operators, that is

1 ,, 1 4, R

2
. = gmwis——(a+al) = = w2 (a* + aaf + afa +a")

4w 2

We'll need the matrix elements of H; so let’s go ahead and calculate

(k| (a2 + aat + afa + ) In) = \/n(n — 1)dkna+ (n+ 1)k + 0000+ (0 + 1) (10 + 2)0kmso

The first order energy shift is

2 W2
D — H — w1 ) 1) = ( )
b (n|Hyln) hw4w2( n+1) 5 hw2w2

which agrees with our expectation. The second order energy shift is

2 (k| H ) |
B = %E&O) ~BY
(huo)? wi n(n —1) N (n+1)(n+2) ]
16wt [(n+1/2)hw — (n —2+1/2)hw  (n+1/2)hw — (n+ 2+ 1/2)hw

4 4
wi [n(n—1)  (n+1)(n+2) o Wi 2 2
hw16w4 [ 5t 5 —hw32w4 [n —n—(n +3n+2)}

4 4
N (gp—9) = — 1) WL
hw32w4( dn —2) = (n+ 5 hw

which also agrees with our expectation.



(2) The integral form of Gauss’ law in Gaussian units is

7{ E.dA = 47Qu,

Picking a sphere of radius » < R for the Gaussian surface, we have

4 4
Qenc = <37T7”3/37TR3> e = 6(7’3/R3)
and E(4nr?) = dme(r®/R?) SO E = e%
The potential energy on the electron from the electric potential becomes
2

V(r) = —(—e) /OTE(T') ar' +C = 51+ C

However, the potential energy needs to be continuous at » = R, so

2 2 2 2
& p2 __ & _ 3¢ __36<2_12>
2R3R +C = 7 SO C = R and Vir) = R 37“

In order to write down the correct Hamiltonian H , we need to subtract away the point-
like potential energy function (Hy) for r < R and add in the correct one. Therefore, the
perturbation is

2 2 2 2
le_éi <R2_17~2)_ <_€> :i—ée— <R2—;r2) forr <R
r

The perturbation is zero for r > R. To get the first order energy corrections to the indi-
cated states, we just take the expectation values of the perturbation. We don’t need to be
concerned that the n = 2 states are degenerate because the perturbation is already diagonal
in this subspace. Physically, this is because the perturbation is spherically symmetric, so it
commutes with the orbital angular momentum operator.

This is clear from an explicit calculation, which we will do in a moment. You calculate
the expectation values in position space, and the integrals over € and ¢ just give you unity
because there are no other angular variables than those in the spherical harmonics. We only
need to do the integrals with the radial wave functions R,,;(r). These are carried out in the
MATHEMATICA notebook. We find, to lowest order in R/aq,

2 2 2
B) - 2= (o)

5@0 Qo
B _ 1€2<R>2
20— 20 ag \ag
(1) 1 62 R 4
ot = 2 (2)
1120(1,0 ap

The expansion in R/aq is justified because R ~ 1 fm and ay ~ 1A, so R/ay =~ 107°. Notice
that the [ = 0 states go like (R/ag)?, while the [ = 1 state goes like (R/ag)*. This energy
shift is very small, but is way smaller for [ = 1 compared to [ = 0. This is because the wave
function near 7 = 0 goes like 7. There is only an appreciable piece of the wave function near
the origin for [ = 0 states.



PHYS3701 Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #13
Due at 5pm to the Grader on Thursday 15 Apr 2021

(1) These questions are meant to associate numbers with atomic hydrogen phenomena.

a. The red n = 3 — 2 Balmer transition has a wavelength A ~ 656 nm. Calculate
the wavelength difference AX (in nm) between the 3ps;, — 2512 and 3p1/2 — 2512
transitions due to the spin-orbit interaction. Comment on how you might measure this
splitting.

b. How large an electric field £ is needed so that the Stark splitting in the n = 2 level
is the same as the correction from relativistic kinetic energy between the 2s and 2p
levels? How easy or difficult is it to achieve an electric field of this magnitude in the
laboratory?

c. The Zeeman effect can be calculated with a “weak” or “strong” magnetic field, depend-
ing on the size of the energy shift relative to the spin-orbit splitting. Give examples of
a weak and a strong field. How easy or difficult is it to achieve such a magnetic field?

(2) Fill in details and complete the calculation of the “total angular momentum” eigenvalues
and eigenstates, in Section 11.5 of your textbook. In particular

a. Find the matrix representation of the operator 2L - S in the basis

1) = |I,my, +2) and 12) = |l,my + 1, —2z)

b. Show that the eigenvalues of this matrix are A =17 and A = —[ — 1.

c. Show that these correspond to the eigenvalues j(j + 1)A? with j = [ 4 1/2 for the
operator J2 where J =L + S.

d. Show that the expressions (11.93) for the total angular momentum eigenstates

| £m, +1/2 [Fm; +1/2
J=1£1/2,m;) = ZZJT|Z,mj_1/2,+Z>:l: Qle\laijrl/Q,—@

are normalized and give the correct eigenvalues for J,.



Solutions HW #13
(1) Part of what goes on here will be getting conscious about the use of CGS units.

(a.) Use (11.96) to get the energy splitting for the 3p states.

1
— x 511 keV =134 x 107° eV

1) _ _
Espyo = Bipys = 5 553 ~ 2233 1374

3p3/2 3p1/2 D) 333

(1) 1 ,a'l {1+1] 1
2

Since A = he/E where E = 13.6 eV(1/4 —1/9) = 1.89 eV, we have AA/\ = AE/E. In this
case AE = Af) —Af) 50 AN =656 nmx1.34x1075/1.89 = 656 nmx 7.1x10~% or A\ =
4.65 x 1073 nm. This magnitude splitting is difficult to observe. See for example Fig.6.12
in Fxperiments in Modern Physics, 2nd Ed. by Melissinos and Napolitano. Instrumental
effects and thermal broadening give a width ~ 5 x 1072 nm for this line, about ten times
too large to see this hyperfine splitting. It is possible to make the measurement with some
care, though. See, for example, “Experiments on Hydrogen and Deuterium Fine Structure”,

by S. Pollack and E. Wong, Am.J.Phys. 39(1971)1386.

(b.) The 2s/2p splitting from relativistic kinetic energy is from (11.74):
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The Stark splitting from (11.49) is 3eap€ where ag = 0.53 x 107® ¢cm. This quantity is an
energy, so calculate it in SI units. Converting AFEg to Joules means multiplying by e, so

~ l2rx107*
~3-0.53 x 10-10

£ = 7.61 x 10° V/m = 7610 V/cm
That’s a lot of voltage to put across a centimeter, but it can be done. The breakdown voltage
in air is about four times higher than this.

(c.) The terms “weak” and “strong” have to do with how large is the Zeeman effect relative
to the spin-orbit splitting. As seen in (a.), the magnitude of the spin-orbit splitting is
several tens of peV. From (11.109), the size of the Zeeman effect between different m states
is ~ |e|hB/2mc, that is, the electron magnetic moment times the magnetic field. Once again,
this is an energy, so we can work in SI units. Take the energy scale to be 5 x 107> eV=
8 x 1072* J. The electron magnetic moment is about 9 x 1072* J/T, so a “weak” magnetic
field is much less than 1 T, and a “strong” magnetic field (for the hydrogen n = 2 state or
so) is much larger than 1 T. Note that fields of several tenths of a Tesla are easy to achieve
in the lab, but iron saturates at about 1.5 T so much larger fields are not straightforward to
achieve. Nevertheless, we can reach “high” fields for Zeeman splittings in other states where
the spin-orbit splitting is smaller. This is in fact known as the Paschen-Back Effect.



(2) From 2L -S = L, S_ + L_S, +2L.S. and J.|jm) = \/]j+ m(m £ 1)|j,m=+£1),
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which gives the matrix (11.86). The characteristic equation is
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Acting with J2 = L2 + S2 4+ 2L - S on |Isjm) for A = [ gives
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soj=1+1/2. For A\ = - — 1 we get
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and j =1 —1/2. It is trivial to show that the given states are normalized since
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Also, since J, = L, + S., and the two components are eigenstates of L, and S,, acting on
these states gives
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PHYS3701  Introduction to Quantum Mechanics | Spring 2021
Homework Assignment #14
Due at 5pm to the Grader on Thursday 22 Apr 2021

(1) The Hamiltonian for a spin-1/2 particle of mass m and charge ¢ in a magnetic field B is

H=-i-B=-718.B
2mc
where ¢ is the gyromagnetic ratio. The magnetic field has components in the z- and y-
directions, and is written as B = Bok + Blj. Determine the energy eigenvalues exactly.
Then, taking B; < By, find the eigenvalues through second order in perturbation theory.
Compare the two approaches.

(2) A particle of mass m is bound in one dimension > 0 by an infinite wall at x = 0 and
a linear potential energy V(x) = Az, as shown in the figure below.
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Use the variational principle to estimate the ground state Fj using the two different trial
functions (i) ¢(z) = ze %2 and (ii) ¥(x) = ze /2" where a is a variable parameter.
(The calculation can be done analytically, but you are welcome to use MATHEMATICA or
some other application.) Why does choice (ii) give you a better approximation to the exact
answer? (How do you know it is the better approximation?)

Explain how this can be measured by observing the quantized vertical heights to which a
ball can bounce off the floor. Calculate the height to which a neutron must bounce in order
to reach the ground state. Compare your answer to the experiment described in “Quantum
states of neutrons in the Earth’s gravitational field,” V.V. Nesvizhevsky, et al., Nature 415
(17 January 2002) 297.



Solutions HW #14

(1) If we write p = ggh/4me, then the representation of H in the |+z) basis is

—pBy ipB
—Boo: + Broy) = ( By by )

so the characteristic equation for the eigenvalues FE is

(—uBo— E)(uBo— E) — i?B} = E* —*(Bg — B}) =0 ie. E=+u/B3+B}=E.

We can expand the energy eigenvalues as
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Treating the B; term as a perturbation, it is clear that E(io) = +uBy and |¢$)> = |+z), and
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Therefore, the first order energy shifts EY) = —(gqBy /4ime)(+z| (S, — S_)|£z) = 0, in

agreement with the expansion of the exact eigenvalues. For the second order calculation, the
sum over “all other states” just includes the one other state. We have
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which agree with our result from the expansion of the exact eigenvalues.



(2) The approach is straightforward. See the MATHEMATICA notebook for details. You find

(i) (E) = 21a3 <6a4)\ + ZZ) (i) (E) = a;\lﬁ <a‘;>\ N 3@17162f>

Minimizing with respect to a gives a; = 1/(12)'/3(h* /mA)'/3 and a;; = (3y/7/4)Y/3(R? /mA)1/3.
These give the approximations to the ground state energy as

0 Bmin = (;)5/3 <h22>1/3 (i) (E)in = @)1/3(522)1/3

The ratio of the second to the first is (3*/3%)1/3(32/47)Y/? = 2/(37)'/3 = 0.9468. Since the
second choice gives a smaller answer than the first, it must be closer to the exact result.
This is to be expected. If the potential function was flat, the wave function would fall as an
exponential, i.e. like (i). However, the linear function rises, so we expect the wave function
would fall more quickly, and choice (ii) falls more quickly than does (i).

This is like a bouncing ball because the potential energy for a mass m at a height = above
the Earth’s surface is mgzx, that is, A = mg. The “floor” is impenetrable, so the region x < 0
is not allowed. For the ground state energy Ej, the height is just h = Ey/mg. Using the
minimum expectation value from (ii) as our estimate for Ej, we find for a neutron mass

81 1/3 h2 1/3
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Following is Figure 4 from the Nesvizhevsky paper. It clearly shows that neutrons cannot

pass through their apparatus until they are allowed to bounce as high as 14 pm.
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