
 

Find solution to the
Nt dig a fit any

differentialequation

NO Xo initial condition

The ODE gives the rate of change of Xlt in time or slope

of the tangent line at each point in time

The solution to an ODE is some function X t
When we can write down a solution for all times
that's the analytical solution

Usually it's challenging to determine an explicit formula
for Nt so we numerically approximate it at discrete

points

Numerical approximationof X
knowing the value of X at some starting point to ie Xo
Find an approximation of X at discrete times

ti ta ta th where tj tj At

for all j l n

Call the numerical approximation at time Ej
Xjr Xlt xCjBt



Euler'sMethod

Euler's Method uses the slope of X at each
timestep to extrapolate the solution to the next
time step

approximatesolution

msn.FI q
o f tat tats

t t t t th t

equalspacing At

Slope to tangent line to the graph of Xlt at

to is fitoXo
Now use this slope to estimate the slope between

Xo and Xlt

Ntigf
a flto xo

x ti x Xo t At f te Xo Xi
approximatesXlt

x XotAt fltoXo

Now assume X is the exact solution the slope to

tangent line at X is flt x then

X2 X t Dt flt x



In general

Xj Xj t At fltj x

What is the error made in one step of Euler method

approx

suppose X ti xp

Xj Xj it Dt f xjr
true Xlt xltj.it Dt

Xlt 1 t At X tj I Cbt x tj t Olde

ej Xlt x I t x tie t

Obtff umerror at step j
become insignificant
as Dt becomes smaller

There are n tf steps O E steps

Per step accumulate error O DE

Global error O It O At O Dt

Euler Method is a first order method

Reduce time step site At by 2 error goes down

a factor of 2 i e a linear decrease in error



We can do better is a quadratic decrease in error
or more

Runge KuttaMethods

Runge Kutta methods are a class of numerical methodsfor
approximating IDEs that use information on the slope

at more than one point to extrapolate the solutionto
a future time step

eg Explicit Trapezoidal Rule
Heun's Method

Nt
X't

exact
1 I t t t tto t te t

Use slope information at left at right endpoint of
time step interval

starting with interval to t

slope of tangent at left f to Xo
We don't know the value of X at t yet
Approximate with Euler's Method X't Xo t AtAfltoXo



Now find slope of tangent at rightpoint
flt lot At flt Xo

Take an average of the two slopes and use this

average to find X

Average fltox.lt lt xoztDttflto
X Xo t At Average

Xo t At ftp.ltflti.xgtbttflts
In general to find Xj given Xj

Xj Xj t kit ka

where K f tj Xjd
ka f tj Xj t Dt k

This is a second order method O At

so when the step size is cut in half the
error goes down by a factorof 4



Runge Kutta 4 RK4

Arguably the Most popular RungeKuttaMethod

RK4 because it is fourth order O 9 4

if At BE error goes downbyfactorof 8

RK4 formula

Xj Xj t kit 21st2ktka

k flt xj
ka fltjt xjt BIK

ks fltjt xjt ka

Ky f tin Xjt At Ks

where ki ka Ks Ky are slopes at points
between tj and tj tj tbt


