Quantum and Kinetic Transport: Analysis, Optimal Prediction for Radiative Transfer: A New Perspective on Moment Closure I -
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Radiative transfer equation Linear optimal prediction 1D slab geometry: Various Pp moment closures
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for radiative intensity u(x, €2, t). » Consider Gaussian measure f(U) = exp (—zdTA=1d) [2].
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1D slab geometry: Intensity u(x, u, t) depends only on x, the azimuthal flight angle i A A
6 = arccos(u), and time. » Decomposition i = |~| and A= |% % | = AT (covariance matrix)
o 1 ’ | N _‘l._ _A A_ N ~ - _1 A~ uy(x) att=10.1 true solution 0.5} uy(x)att=0.2 true solution 0.3r u(x)att=0.3 true solution 0.2] u,(x)att=0.4 true solution
Otu + poxu = —(k+o)u+ 5 1 udp” +q . - Given U, an average with respect to the conditioned measure f~(u) = 2~ 'f(u, u) is the ' wPyoesre | CPucosre g o) Py cosure " Py closure
_ T - - - 08 :':‘--‘:C:’eizloni CO;;rr. | :':*--*:clre:joni ciocr:;rr. 2t :*:‘--‘:c:’eszzl.oni C.Oc;rr. 0151 ST -‘:‘-:clre:joni C.ocr:;rr.
, , , conditional expectation projection (orthogonal w.r.t. (u, v) = E[uv] [1]) ool = 03| . = o2 5 p et N peT=E
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Meaning: Given d, then 4 is centered around AA—1d. Measure allows to prescribe
Fourier expansion in Q yields infinite sequence of moments U = (ug, Uy, ...) by correlation between resolved and unresolved moments.
» Ensemble average solution Pii(t) = etREd is a particular solution with averaged initial
ug(x,t) = AW u(x,$2,t)Yg(R2)d, conditions (linearity). Geometry
where Y spherical Harmonics. The arising infinite “hyperbolic” moment system :

Oi+B-Vi=-C-U+q Mori-Zwanzig formalism

IS equivalent to the original equation.
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1D slab geometry: Use Legendre polynomials for Y,. Three term recursion yields » Conditional expectation E and orthogonal prgjection F =1—E. |
o ; » Solution operator etR and orthogonal dynamics solution operator etRF satisfy Duhamel’s
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. ~ Differentiating Dyson’s formula: Reordered Py equations
t
Moment closure problem oeth = REe!R + / elt=5)RF prrEesF ds + eFF RF . Even-odd ordering of moments: )
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Truncate system after N-th moment, i.e. consider resolved moments ~ Adding E from right yields evolution for average solution operator (Uo, U, - - - | 2N) | Gl .3’  UaN+1 U2 - - )

U = (up, Uy, ..., Uy), and model influence of unresolved moments - . t - Reordered advection matrix (here 1_D with N = 2): _

U= (Uyy1,UNy2, ... ) ONresolved moments. oie'E="Re"'E + /0 K(t — s)e® Eds, 2}5 "
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Examples of moment closures: where R = RE and K(t) = e RFRE memory kernel. [g Z} — | " ap 4
» Py closure: uy,1 =0 Evolution for average solution: >/ ora
» Diffusion correction to Py: Unyq = _,4-,1 el Oxuyn [4] . _ t _ L |
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» Other linear closures: simplified Py (parabolic system) [3] tt(1) () + 0 ( yu(s)ds Mori-Zwanzig formalism yields parabolic system
» Nonlinear closures: minimum entropy, flux-limited diffusion where R = RE and K(t) = e'RFRFRE. 8sli(t) = —Cli(t) + RlaDaxxfi(t) ’

Classical approach: ’ which we call reordered Py equations (RPy) [6].
» Assume unresolved moments close to zero or quasi-stationary. ] . I - — BB it i

Py t X q y Approximations for radiative transfer Diffusion matrix D = BB is positive definite.
- MRS MEMTSIl SgUEllons. | | (RP; system is equivalent to SSP3 system [3].)
» Foundations by asymptotic analysis and (formal) series expansions. . . . . .

Here consider uncorrelated measure, i.e. covariance matrix A diagonal. .

A new perspective: A == 2 2 = 2 —— a2z 2z 1D slab . Vari boli I
. Consider average solution w.r.t. a measure [1]. R=RE=R=—-Box—C , K(0)= RFRE = RR = BBOxx slab geometry: Various parabolic moment closures
» Mori-Zwanzig formalism [5, 7] yields its exact evolution by a memory term. BB — <° ° ) | warezos iwesodin | 03]y 0 ati-o2 oo | 03] unati=03 resauion | 02} umatt=os e ot
» Approximations to memory term recover existing and yield new closures. 0 ... s el R I e I rp,
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» Omitting the memory term: 9;u(t) = Ru(t) yields classical Py closure. 220\ oil AN | 00|
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@ A. Chorin, O. Hald, R. Kupferman, Optimal prediction with memory, Physica D 166, 3—4, pp. 239-257, 2002.
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