Non-Markovian Optimal Prediction with
Integro-Differential Equations

Benjamin Seibold
Lawrence Berkeley National Laboratory
1 Cyclotron Road
Berkeley, CA 94720

July 16, 2001

Abstract

We apply the non-Markovian Optimal Prediction method to the
Hald system of two coupled oscillators to approximate the mean so-
lution by an integro-differential equation. We derive four versions of
integro-differential equations, coming from different approximations
to the memory kernel, and compare how well they approximate the
mean solution. This question is particularly investigated in depen-
dence on the initial values for one oscillator. An error estimate for the
different approximations is carried out. We discuss efficient methods
for computing the memory kernel, and we generalize classical Runge-
Kutta methods to methods for a class of integro-differential equations
which includes the equations that arise in this context.

1 Introduction

The method of optimal prediction of Chorin, Kast, Kupferman [7, 6, 5] is
an approach to approximating the average solution of a large system of non-
linear equations, whose inital data is only partly known, by a significantly
smaller system. The unknown initial data are assumed to be drawn from

a probability distribution. Optimal prediction describes a strategy how to



find a low dimensional system, whose solution is close to the components of
the average solution corresponding to the known initial conditions. Even for
Hamiltonian systems this mean solution will decay [4], and this decay is not
described by first order optimal prediction [10]. Chorin, Hald and Kupferman
observed in [4] that the average solution is described by the Mori-Zwanzig
formalism, which allows no obvious way to be solved directly. While first
order optimal prediction is shown to be a very crude approximation to the
Mori-Zwanzig formula, several better approximations have been proposed,
giving the desired decay. The most important are the “t-model” [2] and the
approximation by an integro-differential equation. This paper will focus on
the latter approach, which has been described in [3].

We consider the “Hald model”, a simple model problem, which has been
introduced in [1]: A four dimensional Hamiltonian system of two harmonic
oscillators with a nonlinear coupling. The initial conditions of the first oscil-
lator are known and the initial conditions of the second oscillator are drawn
from the canonical distribution p(x) = Z~ e~ "7 . We seek the mean position
and momentum of the first oscillator, which can be obtained by Monte-Carlo
sampling. An important weakness of this approach is that everytime the
initial conditions for the first oscillator are changed, the whole expensive
computation has to be done all over again. Chorin, Hald and Kupferman de-
scribe in [3] how to formulate a two dimensional system of integro-differential
equations, which approximates the mean solution. It requires a memory ker-
nel K (t), which has to be approximated by Monte-Carlo sampling. This is as
expensive as finding the mean solution directly, but the kernel is independent
of the particular initial conditions for the first oscillator, which makes this
approach valuable for cases of repeated computations with different inital
data. Not to forget cases, in which experience from other fields allows ob-
taining the memory kernel even less expensively. In section 2 the derivation
of the optimal prediction equations for the Hald system will be performed.

Nevertheless, most of the statements given in section 2 are also valid for



general systems.

In applications the smaller system will still be quite large, thus efficient
methods for sampling the memory kernel and solving the system of integro-
differential equations are required. Section 3 deals with the computation of
the memory kernels and an algorithm for fast Monte-Carlo sampling will be
stated. In section 4 we generalize Runge-Kutta methods to numerical meth-
ods for a class of integro-differential equations which includes the optimal
prediction equations. These methods have a reasonable order of accuracy,
good stability behaviour and are comparably cheap.

In section 5 the given methods will be applied to the “Hald model” with a
special choice of initial data. Section 6 will especially focus on the quality of
the different approximations in dependence on the initial values. In section 7
an attempt to estimate the influence of the different approximations on the

error is undertaken.

2 Derivation of the Optimal Prediction Equa-
tions for the Hald System

The Hald system is a Hamiltonian system which describes two harmonic
oscillators with a nonlinear coupling. It was introduced in [3]. The Hald

Hamiltonian is
1
H (@, @3, w5, w4) = 5] + @5 + @5 + 2 + 2723), (2.1)

Here x1, x5 are position and momentum of the first oscillator and x3, x4 are

position and momentum of the second oscillator. The resulting equations of

motion are:
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It is assumed that
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are known initial conditions, while
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We assume the existence of a canonical measure on R*

are random.
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In the following we set T' = 1. By fixing ¢(0) = & = (x1,x2) we obtain a
conditioned measure for ¢(0) = (p3(0), p4(0))
Pz, p0) = Z leHlovmaeses) - 771 o~ 3@t +a3+(1+a]) i +ed) (2.6)
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2.1 Projections

As in [3] we define the conditional expectation of a function f(z,%) =

f(xla Tg, X3, $4) as

+oo 400 _

f f f 371,1'2,1'3,1’4)6 H(wl’xQ’wS’x4)d$3dx4
too ptoo (z1,22,23,7 :
I 1,22,23,%4) 5 g

It is the orthogonal projection onto the space of functions v(Z) = v(xy, z2)

E[f]z] = (2.7)

with respect to the inner product
[u(z)v(x)e H@) dx
[ e H@)dy ’

(u,v) = Eluwv] =

(2.8)
so we denote

Pf=E[f|z]. (2.9)
Another orthogonal projection in the same space is the finite rank projection

2
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where a; = (z;, x;).



2.2 Mean Solution

Let ¢(z,t) denote the solution of (2.2) with initial conditions ¢(z,0) = x.

Then the mean solution, which we are interested in, is
P(a,t) = Elip(x, 1)]]. (2.11)

The conditional expectation P can be approximated by Monte-Carlo sam-

pling. The mean solution can be calculated as follows:

e Fix z = (Il,LE2>

e Sample T = (x3,24) N times from the conditioned distribution given
by (2.6)

e Solve N times (2.2) with inital values (Z, %)

e Average over all solutions

It is obvious that this is extremely expensive.
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Figure 1: average position and momentum of the first oscillator

We can see in Figure 1 that the mean solution decays, although the Hald
system is Hamiltonian. This phenomenon is described in [4]. Note that the
interesting behaviour at ¢ = 12 is not a numerical artefact but indeed the
truth.



2.3 First Order Optimal Prediction

Define R = PR, then the first order optimal prediction system is given by

- 00 () - (B8 o

Hald shows in [8] that the first order optimal prediction system to a Hamilto-
nian system is again Hamiltonian and therefore a very crude approximation.
Figure 2 shows the first component of the decaying mean solution and the
first component of the non-decaying solution of the first order optimal pre-

diction equations.
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Figure 2: mean solution and first order optimal prediction

2.4 Mori-Zwanzig
Let L = Z?Zl R; (l’)a%j. Then the Liouville equation
uy(x,t) = Lu(z,t), u(x,0) =z (2.13)

can be transformed into the Mori-Zwanzig formula [3]

ot
which after replacing o;(z,t) = e'f'x; and applying P yields the identity

t
Qewz- = e R () + / I PLeSChQLa;ds + !9 QLa, (2.14)
0

a t
5 Pl t) = PRi((e,1) + / P =L PLesQtQ Layds. (2.15)
0

Now the following approximations are done:



e In the first term interchange P and fR;
e In the second term replace the second P by P,

which yields

t
%ngi(aj,t} ~ Ri(Pp(z,t) + / Pel=)LP'Les@tQ La;ds. (2.16)
0

2.5 The Memory Kernel

The use of P’ instead of P allows the following calculation

2
P'Le " QLy; = P'LQe“"QLr; =Y a; ' (LQe* " QLay, xj)x; (2.17)
j=1
2 2

= — Z aj_l(eSQLQLx,-, QLxj)r; = — Z K, j(s)z;,
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where K, (t) = aj_l(etQLQLx,-, ()Lx;) is the so called “memory kernel”. We
have used that () is symmetric and L is skewsymmetric for Hamiltonian
systems.

Substituting (2.17) back into (2.16), switching the direction of integration

and using p;(x, s) = e*lz; yields

%Papi(:c,t)zﬂ%i(]?@(x,t))— /0 ZKi,j(t—s)P%(x,s)ds. (2.18)

i=1

Thus we approximate the mean Py(x,t) by the following system of integro-

differential equations

where



2.6 Approximating The Memory Kernel

The kernel K (t) is independent of the certain intitial data for z, so we want
to precompute it. Unfortunately there is no obvious way to obtain the or-

thogonal dynamics semigroup e/“* [12], so one does the third approximation:
e Calculate the kernel K (t) with the original dynamics semigroup e*
K;;(t) = a; (e QLux;, QLx;) (2.21)
A justification for this can be found in [3].
Now the kernel can be calculated using
QLy; = (I — P)La; = ™ La; — e PLa; (2.22)
= Ri(p(z,1)) = Ri(p(x,1))
QLz; = " QLx; = Rj(p(x,0)) — Ry($(z,0)). (2.23)
For the Hald model one has R;(z) = R, (Z), s
Ki1=Ki =Ky, =0. (2.24)
The constant ag = (x2,22) = 1, so
Ka5(t) = E[(Ra((2, 1)) — Ra(&(x,1))) (Ra(p(x,0)) — Ra(@(2,0)))] (2.25)
Thus we obtain the system of integro-differential equations
() = R(u(t)y (2.26)
Ua(t) = Ra(na(t) / Ky (t — 5)ya(s)ds.

Because of (2.24) we will in the following write K" for Ky, given by (2.25).

Our system version 1 is given by
ni(t) = walt) (2.27)

, yi(t) / b
) = —y(t)— ——2— — [ KO- ds.
y2( ) yl( ) 1 +y1(t)2 0 ( S)yZ(S) S
We will introduce some further approximations before describing how to com-

pute the memory kernel.



2.7 Splitting The Kernel
In [3] a further approximation is performed, which can be described as
e “splitting the kernel and freezing one part”.

This splitting is motivated by a procedure in physics and although it is a
further approximation, it may eventually yield a system which has compu-
tational advantages. We start with the kernel given in (2.25) and using the
approximations

Ra(9) = Ra(PY) = PRy () (2.28)

we obtain
Kot — 5) = E[Ry(o(, 1)) Ra(p(x, )] — Ra(PR(, 1)) Ro (P (1, 5)) (2.29)
The first part of (2.29) becomes the new memory kernel
K®(t) = E[Ra(p(x, ) Ra(p(w, 0))], (2:30)

while the second part of (2.29) will be taken into the integro-differential
equation using that its solution y(¢) should be close to Pp(x,t). This yields

system version 2:

n(t) = () (2.31)
Ua(t) = —un(t) — #(fzt)g —/0 (K@t —s) = f@(y(6) fP (41(5))) ya(s)ds,
where

U

FA ) = fPy1,12) = Ra(y1, 42) = — w1 (2.32)

C1+yd
For the Hald system f(? does not depend on ys, thus we write f®(y,) instead
of f@(y1,s). In general @ will be a function of 31, . .., ym. A more rigorous

motivation for splitting the memory kernel can be found in [16].



2.8 A Different Splitting

The splitting performed in (2.29) is not unique. Instead of splitting

¥1
1+ 2

Ro(p) — Ra(@) = —p1 — 1993 + 1 + = —p105 + (2.33)

¥1
1+ p?

into Ry and MRy we now use the same procedure to split into —p;p2 and

£1 and obtain system version 3:

yi(t) = walt) (2.34)
() = —n(t) = T = [ (KO 5) = PO 0(9) (o).
where
3 _ hn
f( )(y1) =T " (2.35)
and
K(3) (t) = E[(@l«& t)903(x7 t)2) (301 (LL’, 0)903(:(:7 0)2)] (236>

This yields a function f®)(y) which is bounded. The importance of this fact
will be discussed in section 5.1. Of course there are infinitely many other
possible ways of splitting the kernel, and stricly speaking only the choice
F@(y1) = Ra(y1,12) is in some sense “natural”. The splitting perfomed in
system version 3 yields an especially easy structure for the Hald system, but

for general systems there is no recipe for an “easy” splitting.

2.9 Normalizing the Memory Kernel

For the plot presented in [3] the memory kernel K® was divided by the
constant E[z? + 23] ~ 1.715. In physics the procedure of splitting the kernel
is followed by this “normalization”.

Thus we define .

KW - __ -
Elai + 3]

-K® (2.37)

10



The corresponding system is denoted by system version 4:

() = () (238)
w0 = —n(t) - - | (KO~ 5) — £ (1) £ 31 (5)) (o).
where

) = 1) = -1 (2:39)

It should be pointed out, that the assumptions for applying the physical

splitting and dividing procedure are not satisfied here.

3 Computation of the Memory Kernels

The three memory kernels given by (2.25), (2.30) and (2.36) are of the type

K9(t) = Elgi(o(z, 1) gi(p(z, 0))], (3.1)
where
91(¢1, 02, 03, 04) = AL @1905 (3.2)
M ) M 1+(p%
92(1, 92,03, 04) = —p1 — P13 (3.3)
93(1, P2, P3,04) = —P195 (3.4)

Remembering that ¢(x,t) is the solution of (2.2) with inital data z, we can

compute K@ by Monte-Carlo sampling:

e Sample N initial values (xi,...,x4) from the canonical distribution
given by (2.5)

e Solve N times (2.2) on [0, 7] with inital values (zy, ..., 2z4)

e Average over all values g;(¢(x,t)) - gi(x)

11



Monte-Carlo sampling with 50000 samples yields the following kernel-functions:

Kernel K(l). 50000 samples
03 T

0.2 | | L L !
o 5 10 15 20 25 30
time

Kernel K(z). 50000 samples
2
T

15 | | L L !
o 5 10 15 20 25 30

time

Kernel K(a). 50000 samples
05 T

—0.4 | | L L !
o

5 10 15 20 25 30
time

Figure 3: memory kernels K" K and K®)

While K® is not too far from K™, K® is much larger and is therefore
a very bad approximation to K. This does not give much hope in the
quality of approximation version 2. Note that KW (0) = A=K®(0) =~
K®(0), an interesting effect of the unmotivated normalization. K ) shows
less oscillatory behaviour than K especially for longer times, which may

have structural and computational advantages.

12



3.1 2D-Kernel as Quality Control

—H(z)

The canonical distribution Z e is invariant under the flow (2.2), there-

fore
Elgi(o(z,t)gi(¢(x, 5))] = Elgi(p(z,t — 5))gi(¢(x, 0))]. (3.5)

This does not mean, that Monte-Carlo sampling with a finite number of
samples gives the same values. Computing the kernel as a two dimensional

function
K*(t,s) = Elgi(p(z, 1)) gi(p(z, 5))] (3.6)
yields a function which is nearly constant along the diagonals t — s = ¢, but

not exactly. This observation can be used for two purposes:

e Use the variance of the values along one diagonal as a quality control,

respectively as a control for the required number of samples.

e First compute the kernel as a two dimensional function, then set K (o)
as the average over all K*(t, s) with t—s = o. This has a point, because

solving the system is in general much more expensive than computing
the products g;(¢(z,t))gi(¢(x, 5)).
3.2 Fast Monte-Carlo Sampling

The mean solution and the kernels require the computation of multidimen-

sional integrals of the types

a- [ Je HE®) g :
Elld] / / a (3.7)
K@) = (3.8)

+oo +oo +oo +oo
:/ / // Je HED didz,

which can in general only be done approximately, e.g. by Monte—Carlo sam-

pling. The error given by Monte-Carlo sampling decreases like \ﬁ where N

13



is the number of samples. Thus already a moderate number of samples yields
acceptable results, but its use is very limited, if high accuracy is required.
It has to be pointed out, that in this paper the difference between the
mean solution and the various approximations is governed by the several
approximations performed in section 2, thus classical Monte-Carlo sampling
with about 50000 samples yields a completely sufficient approximation to the

mean solution and the kernels.

If the crude approximations in section 2 are improved, an error of order

-L will not be acceptable anymore. This problem can be overcome by a

VN
technique introduced by Chorin in [9], which is based on orthogonal polyno-
mials.
Approximating
+oo
/ g(x)e  H@dy (3.9)

[e.e]

by Monte-Carlo sampling yields an error of the magnitude of the standard

deviation (o)
N (3.10)
where
C(g) = \/%/g%z)e—mx)dx— <%/g(x)e—H(x)dx) : (3.11)
Let
{po(x),p1(x), ..., pm(2)} (3.12)

be a set of polynomials of degree degp,, = m, which are orthonormal with

respect to the inner product

(u,v):/_ Oou(at)v(x)e_H(x)dx. (3.13)

[e.e]

Orthonomality of (3.12) yields

/_Jroog(x)e_H(x)dx = /+OO <g(x) - Zbkpk(at)) e H@) dy (3.14)

[e.e] — 00 =1

14



for arbitrary coefficients by, because for all £ > 0

/_+OO pi()e B @ de = (1,p;) = 0. (3.15)

Choosing the coefficients by, .. ., by, such that C' (g — Y-, bepy) is small will
dramatically reduce the number of required samples to achieve a given accu-
racy.

If g allows an expansion in a Hermite series

g(z) = api(), (3.16)
h=1

where
1 +oo _H)
w=—= [ mlagle) e (317)
one can approximate aq, . . ., a,, by Monte-Carlo sampling, yielding the values
ai,...,ay,, and set by = aj.

4 Numerical Methods for the Integro-Differential
Equations that Arise in Optimal Prediction

In this section we generalize Runge-Kutta methods to methods for (2.27),
(2.31), (2.34) and (2.38) and investigate order of convergence, stability and
computational effort. Most ideas can be transferred to other types of methods
like e.g. multistep methods, but also for integro-differential equations Runge-
Kutta methods bear obvious abvantages as opposed to multistep methods,
such as stability and easy starting. Their disadvantage, the larger number
of right hand side evaluations, is less important, as we will see. Finally,
generalized Runge-Kutta methods qualify for deferred correction methods, if
high order accuracy is neccessary.

It should be poined out that great parts of the numerical discussion in
this section is valid for much more general problems than the specific prob-

lem described in section 2.

15



The presented integro-differential equations are of the types

a(t) = R(y(t)) + / K(t - s)y(s)ds, 4(0) = yo (4.1)

t
y(t) = R(y()) +/ (K (=) + f(y(@) f(y(s)) y(s)ds, y(0) =yo. (42)
0
Both are generalizations of the ordinary differential equation

y(t) = R(y(1)), y(0) = wo, (4.3)

so we want to generalize well-known numerical methods for (4.3) to methods
for (4.1) and (4.2), i.e. every method for (4.1) or (4.2) will be a numerical
method for (4.3) if K = f = 0. The numerical methods will be presented for
(4.2), equation (4.1) will then be the special case f = 0.

4.1 Constructing Generalized Methods

All methods and their analysis will be presented for the case of equidis-
tant time steps. While the given methods can be generalized to variable
stepsizes, their analysis does in general not carry over — a well known issue
from ordinary differential equations. We will denote the exact solution of

the integro-differential equation by y(t) and the approximate solution on the
grid A = {to,...,tn} ={0,h,2h,...., (N — 1)h, T} by up = u(hk).

The basic idea in generalizing methods is to treat the right hand side of
(4.2) in the same way as for ordinary differential equations, with an additional
issue that the memory integral has to be approximated numerically.

Let us assume that we have a numerical solution wug,...,u, at times
to,...,t, and want to obtain wu,,; at time t,,; = t, + h. For the exact
solution y(t) the right hand side at t,, is

Fltn, yl = R(y(tn)) + /0 (Kt — )+ Ft)F () y(s)ds,  (4.4)

16



which only makes sense for functions defined on the whole interval [0, ¢,]. We
approximate the integral by an O(h?)-accurate quadrature rule and obtain

an approximate right hand side

Fltn, y] = R(y(tn)) + hz wag (K (e = 5) + fy () f (Y1) y(25), (4.5)

where w,, ; are appropriate weights. This right hand side also makes sense

for our numerical solution u, which is only defined at the grid points:

Fltn, u] = R(un) + h Z Wag (K (tn = 15) + [ (un) f(u;)) . (4.6)

We are using a ¢-th order quadrature rule, so smooth functions y satify:

Flt,,y] = Fltn,y] + O(h9). (4.7)

4.2 Consistency
Suppose now a general one step method for ordinary differential equations
U1 = Up + AT (Unt1, Up, tost, By R), (4.8)
which is p-th order accurate for (4.3), i.e.
Y1 = Yo + WS (Yns1: Yus tar, 1, R) + O(RPF), (4.9)
is generalized to a method for (4.1) or (4.2)
Ungr = Un + BF(Ups1, Un, tus1, h, F). (4.10)

Substituting the correct solution y(t) of (4.1) respectively (4.2) into (4.10)
yields:

Yn+1 = Yn + hg(yn—i-la Yn, tn+17 h7 F) + O(hp+1)
= YUn + h%(yn-i-la Yn,s tn-i—la h, F + O(hq)) + O(hp+l)
= Yn + h%(yn-i-la Yn, tn-i—la ha F) + O(hq+1) + O(hp+l)>

17



which proves the statement:
A p-th order one step method for ordinary differential equations gener-
alized to equations of the type (4.1) respectively (4.2) is of order min(p, q), if

a q-th order quadrature rule is used and the method is zero-stable.

It should be pointed out that the order of the quadrature rule is given
only by the weights w,, ;, so a high order quadrature rule has the same cost

as a low order rule. Therefore even for a first order method one should

not use the rectangle rule (wyg,...,ws,) = (1,...,1,0), but the second
order trapezoidal rule (w,g,...,Wn,) = (%, 1,...,1, %), or the fourth order
Simpson’s rule (Wy g, ..., Wnyn) = (%, %, %, %, ce %, %) Although the order of

the method cannot be increased, a better quadrature rule may give smaller
error constants. Unfortunately, the order of practicable quadrature rules is

bounded by the following facts:

e Newton-Cotes rules of higher order than 8 lead to instability caused by

negative weights w, ;.

e Compound rules of higher order than 3 work only for a certain number
of points, but our method requires quadrature rules which work for all

possible numbers of points. We will deal with this issue in section 4.6.3.

In the case of variable step sizes the weights will have to be computed

online, which is negligible effort for real problems.

4.3 Zero-Stability

A numerical method is called zero-stable, if the numerical solution is Lipschitz

with respect to pertubations of the initial values and the right hand side.

It is the condition which guarantees a consistent method to converge.
Although Runge-Kutta methods for (4.3) are always be zero-stable, their

generalized version is not automatically zero-stable, because in each step all

previous values uy, ..., u, are used. On the other hand it is not a classical

18



multistep method either, because the number of previous values used for each
step varies from step to step. Therefore stability analysis of all our methods

cannot be just reduced to analyzing roots of polynomials.

Numerical experiments with our generalized methods show zero-stablility
for equations (2.27), (2.31) and (2.34). Allow us to state the following asser-
tion, which we will not prove here.

If the kernel K is uniformly bounded on [0,T], i.e. ||K(t,s)|| < M for
allt,s <T, and f is Lipschitz, then a zero-stable method generalized to (4.1)

is zero-stable, if a consistent quadrature rule is used.

4.4 Computational Effort

The memory term in (4.2) requires us to firstly store the whole history of
the solution and secondly approximate an integral from 0 to ¢ in every time
step. Approximating the memory integral is O(k) work in the k-th step.
For N steps this yields a computational effort of O(N?) for our numerical
methods, which can become a problem for long calculations with small time

steps. This problem can be remedied, if
||K(t,s)|| — 0 fairly quickly as [t —s| — oo, (4.11)

by setting K(t,s) = 0 for |t — s| > L for some reasonable L > 0 (“finite
memory” ).

It should be remarked that for our model problem the kernels given in
section 3 decay, but keep on oscillating with a relevant amplitude for long
times. Numerical experiments show that setting these oscillations to zero

can change the solution significantly.

We will measure the cost of our methods in evaluations of R, K and f.

This may seem exagerated for our model problem, especially because K is

19



being precomputed, but in general K(ty),..., K(t,) will be large matrices,

which may be difficult to compute and store.

4.5 Stiffness

The vague but useful concept of stiffness can be carried over from ordinary
differential equations:
A method for (4.2) is called stiff, if explicit methods require unneccessar-

ily small time steps to quarantee stability.

If (4.3) is stiff, in general (4.2) will also be stiff, and even if (4.3) is well
behaved, K can make (4.2) stiff. As an example consider (4.1) with R = 0
and K = —a?. The solution is y(t) = yocos(at), so even a constant K can
make (4.1) very stiff. Thus implicit methods for (4.2) are important. In the
following we will present the trapezoidal rule as an example of an implicit
method.

4.6 Generalized Runge-Kutta Methods

We will generalize the explicit and implicit trapezoidal rule as well as the
classical Runge-Kutta 4 method to methods for (4.2). All these methods
will have the same order of accuracy as for ordinary differential equations,
which is not at all trivial for methods using intermediate time steps like

Runge-Kutta 4. We assume all our methods to be zero-stable.

4.6.1 Explicit Trapezoidal Rule

We approximate the integral in

Yr1 = Yo + / <m<y<a» + / (Ko —s)+ f(y(o))f(y(s)))y(s)ds) do
' (4.12)
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by the trapezoidal rule at t,, and t,,,1 and discretize the memory integrals by

an at least second order quadrature rule
h n
§=0

n+1

+R(Uns1) + I an-i-l,j (K (tnt1 — t5) + funs1) f(u))) Uj) :
j=0

To make sense of u,,; in the right hand side we now perform one explicit

Euler predictor step to approximate u,;. This corresponds to the explicit
0
method with Butcher array 1 |1

2 2

An interesting feature is that in each step only one memory sum has to

be computed, although two sums appear in (4.13). The reason is that the
second sum in the n-th step is basically the first sum in the (n + 1)-st step,
only the last summand can vary. The following algorithm gives an efficient

implementation of the explicit trapezoidal rule:

ksaved - 9{(UO)

Iy = L f(uo)ug

do
]1 = %(Kn_HUO + 2Knu1 + ...+ 2K1un)
kl = ksaved
u = Uy + hk‘l
f=rf@)
By = (@) + (I + 1K) + [+ (B +
Up41 = Up + h%ﬂ
far1 = f(unt1)
ksaved = 9%(un—i-l) + (Il + %Koun-l—l) + fn-‘rl ’ (]2 + %fn-l—lun—i-l)
Iy = I+ hfpi1unta

loop

N

f-a)
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evaluations of | R | f K
k-th step 2 2 k+1
N steps 2N | 2N | L(N? 4+ 3N +2)

As stated before we have O(N) evaluations of R and f and O(N?) evaluations
of K.

4.6.2 Implicit Trapezoidal Rule

We start again with (4.13), but now we solve for w,,1, which corresponds to
0
the implicit trapezoidal rule with Butcher array 1|5 5 .

2 2

Putting everything depending on u,,; to the left hand side yields the

following generally nonlinear implicit equation for w, 4

h h?
Aty — 5%(%“) - Bf(un—i-l) - 7wn+1,n+1f2(un+l)un+1 =, (4-14)
where

h2

A=1-— 7wn+1,n+1K(0), (415)
h? &

B = ? Z wn+1,jf(uj)uj, (416)

=0

c=u, + g <9‘i(un) +h Z Wy (K (t, — t5) + fun) f(u;)) uj (4.17)

+ h Z wn—‘,—l,jK(tn—i-l — tj)Uj> .
j=0

This equation can be solved by Newton iteration. In the case f = 0, i.e.
for equation (4.1) it takes an especially simple structure, which differs from
ordinary differential equations only by having A instead of I in front of u, ;.

Once the constants have been computed, the iteration itself does not

require any evaluations of K anymore. As we have seen before the cost of
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long time calculations will be governed by evaluations of K, which makes
the normally very expensive iteration steps of implicit methods less painful

in relation to ordinary differential equations.

4.6.3 Runge-Kutta 4

The classical Runge-Kutta 4 method with Butcher array

NI IR O

oI O ONI=
oI Ol

DN =

1
6
can be generalized to a fourth order method for (4.2), but the implemen-
tation effort is tremendous compared to the version for ordinary differential

equations. The three major problems are as follows:

e To obtain fourth order we have to use at least Simpson’s rule for the
memory term. The compound Simpson’s rule is only defined for an odd
number of points, but the number of points in the memory sum takes
every value from 1 to N. Using a four-point Newton-Cotes rule for the
last points, if the number of points is even, will preserve fourth order.
While this fix works for Simpson’s rule, numerical experiments show
that it fails for higher order integration rules like compound Boole’s
rule, which leaves Simpson’s rule as the highest order quadrature rule

that works for our numerical methods.

e In the 2" and 3" stage steps with length g are performed. This yields

values at to,tq,...,tn, t, + %, which is nonequidistant. If our grid is

3.9 ()
87 87 )
respectively four-point rule 1‘%(13, 50, 25, 8) for the last points. In the

case of nonequidistant time steps we will have to calculate weights

equidistant, we can use the nonequidistant three-point rule (

anyway, which makes this a minor issue. It should be pointed out

that using halfsteps for the approximation of the memory integral will
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destroy the fourth order accuracy, because halfsteps are not fourth

order accurate.

e In the first two steps there may be just two values available for the
memory integral, which therefore can only be approximated by the
trapezoidal rule. Still our method will be fourth order, because ap-
proximating an interval of length h, respectively % by the trapezoidal
rule yields an error of O(h?) in the right hand side. Therefore the local
error in this one step is O(h*) instead of O(h%), which maintains the

fourth order, because it is just one step.

As with the trapezoidal rule one can save half of the evaluations of K,
because the two halfsteps use the same history and the last stage corresponds

to the first stage in the next step.

4.7 Conclusions

The presented generalized Runge-Kutta 4 method works very well for the
optimal prediction equations in our model problem. For more complex ap-
plications the equations that arise are expected to be stiff, which makes the
implicit trapezoidal rule a good method. All methods become easier if f = 0.
While explicit methods for (4.2) are just more complicated to implement, for
implicit methods an f # 0 may yield an additional nonlinear term. Thus just
from a computational point of view splitting the kernel should be avoided.
The presented way of generalizing numerical methods could not be suc-
cessfully applied to achieve methods of order higher than four, because of the
previously descibed problems with high order quadrature rules. For a higher
order approach deferred correction methods will be preferable, for which the

presented methods qualify as the required low order methods.
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5 Numerical Results for Fixed Initial Data

In this section we solve the four integro-differential equations (2.27), (2.31),
(2.34) and (2.38) for inital data & = (z1,22) = (1,0) and compare the results
with the mean solution, which is being computed by Monte-Carlo sampling as
described in section 2.2. The memory kernels K, ... K® are precomputed
by Monte-Carlo sampling as described in section 3. They will be used for
all following computations with different initial data. For all Monte-Carlo
computations 50000 samples were used. Checks with different numbers of
samples show that the error produced by Monte-Carlo sampling is smaller
than the resolution of the plots.

All integro-differential equations were solved numerically with the gener-
alized Runge-Kutta 4 method presented in section 4.6.3 with constant step
size h = 0.1. To provide the neccessary values of K at the halfsteps the
kernels were computed by the classical Runge-Kutta 4 method with step size
h = 0.05. The mean solution was integrated by the classical Runge-Kutta 4
method with step size h = 0.1. Checks with smaller step sizes show that the
error produced by numerically integrating the equations is smaller than the
resolution of the plots.

The computations yield the following results:

1

—— mean solution —— mean solution
— — approximation version 1 r ~ — — approximation version 1 |1

Figure 4: mean solution and approximation version 1
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—— mean solution —— mean solution
— — approximation version 2 i — — approximation version 2 |1

0 2 4 6 8 10 12 14 16 18 20

Figure 5: mean solution and approximation version 2

—— mean solution —— mean solution
— — approximation version 3 i — — approximation version 3 |1

0 2 4 6 8 10 12 14 16 18 20 0o 2 4 6 8 10 12 14 16 18 20

Figure 6: mean solution and approximation version 3

—— mean solution —— mean solution
— — approximation version 4 ir s — — approximation version 4 |1

-1t L L L L L L L L L ]
0 2 4 6 8 10 12 14 16 18 20

Figure 7: mean solution and approximation version 4

5.1 Observations and Interpretation

None of the approximations gives overwhelming results, but obviously ap-
proximation 1,3 and 4 look similar to the mean solution, while approxima-
tion 2 shows a totally different behaviour. Systems 2,3 and 4 differ from
system 1 in that way, that one further approximation in the derivation of the

integro-differential equations is performed. Thus the apparent discrepancy
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in the behaviour must result from this fact. An explanation why system 2
gives such different results than systems 3 and 4 is given by the following

facts:

o K® and K® are about as large as K", while K® has much larger

values (see section 3).

o [ = f) = _ ﬁly% is bounded by %, thus the products f(y1(t)) f(y1(s))

in (2.34) and (2.38) are always bounded by § and become negligibly

small for values y; < 1 or y; > 1. On the other hand f® = —y; — lfy%

is unbounded and therefore the right hand side of (2.31) is not even

Lipschitz. Indeed, Okunev shows in [16] that system version 2 can

produce a blow up for large initial data.

This leads us to the conclusion that the procedure of splitting the memory
kernel is only reasonable, if the new kernel K is not too far away from the
old kernel and the function f is bounded and not too large. For this reason

we will from now on not focus on system version 2 anymore.

Approximations version 1,3 and 4 follow the mean solution quite well up
to t = 10, then decay too slowly or fall out of phase. One reason for this fact
is that the mean solution shows very irregular behaviour at ¢ = 12, which an
integro-differential equation of type (2.27) or (2.34) is unlikely to reproduce.
Up to t = 6 systems 1 and 4 produce pretty good approximations to the
mean solution, while system 3 shows too strong decay. It seems as if the
“normalization” of the kernel gives exactly the correct rate of decay for short
times.

The question, if the procedure of splitting the kernel has advantages,
cannot be answered yet. On the one hand system 4 yields a slightly better
approximation than system 1. On the other hand system 2 gives horrible
results. In section 6 we will investigate if these observations are valid for

general initial data.
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6

Scaling of the Mean Solution and Approx-
imations

In this section we will focus on qualitative behaviour of the mean solution

and the approximations, if the initial values for the first oscillator x, zo are

being scaled.

We will consider

the mean solution E[p(z,t)|Z]

and the approximations

first order optimal prediction ® = 9R(®)

the t-model

where
61(t7 q)h(I)Q) ) 02
= 6.2
( Salt, D1, D) —t e (62
The derivation of (6.1) is given in [2].

the integro-differential equation version 1
(0 = Ro(0) ~ [ KO- 5)- (o) (63)

the integro-differential equation version 3
00 = R(0) ~ [ (KO- ) = 60 06) vds (6.9

the integro-differential equation version 4, i.e. with the renormalized

kernel.
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As seen before, the mean solution is a decaying oscillation, first order optimal
prediction oscillates without decay, and both the t-model and the integro-
differential equations yield decaying oscillations.

We now consider initial values

(20)=(2)

and ask, how period and decay of the mean solution change under scaling

:a<1), a € (0, 00) (6.5)

the initial conditions and how well the different approximations reflect this
behaviour. Such rather qualitative analysis may say more about the quality
of the approximations than comparing the results for a certain choice of initial

values.

6.1 Numerical Results

The following graphs show the first component (position) of the mean solu-
tion and its approximations for initial values a € {0.1,0.5,1,2,4,10}. The

second components (momentum) show the same qualitative behaviour.

The first set of graphs compares first order optimal prediction, the t-model

and the integro-differential equation version 1 with the mean solution.

Position of 15 Oscillator, 20000 samples Position of 1% Oscillator, 20000 samples
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Position of 1% Oscillator, 20000 samples Position of 1% Oscillator, 20000 samples

/N N A\

0 2 4 6 8 10 12 14 16 18 20 0 2
time time

Position of 15 Oscillator, 20000 samples Position of 1% Oscillator, 20000 samples

time

—— mean solution
- first order optimal prediction
t-model
— integrodifferential equation version 1

The second set of graphs compares the integro-differential equations ver-

sion 1, 3 and 4 with the mean solution.

Position of 1% Oscillator, 20000 samples

Position of 1% Oscillator, 20000 samples

10 12 14 16 18 20 0 2
time

time
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Position of 1% Oscillator, 20000 samples Position of 1% Oscillator, 20000 samples

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
time time

Position of 15 Oscillator, 20000 samples Position of 1% Oscillator, 20000 samples

—— mean solution
— — integrodifferential equation version 1
- integrodifferential equation version 3
integrodifferential equation version 4

Allow us to first list the results in the following table:

period decay
« small a large a small  « medium « large
mean solution | less than 27 27 fast medium slow
1%t order OP V2or 2m none
t-model ~ like 1% order OP slow fast slow
IDE 1 ~ like 1% order OP fast fast fast
IDE 3 longer than 1% order OP fast medium slow
IDE 4 between IDE 1 and IDE 3 fast medium slow

6.2 Arguments for Some Observations

For most of the observations listed above heuristic explanations can be given.

Some are rigorous arguments, others are based on experience and may be con-
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sindered more “handwaving”. Still they give some insight into the behaviour

of the different approximations, thus we do not omit them.

e The period of the mean solution is about 27 for large o and smaller for
small o:
The mean solution is not periodic, so we define by “period” heuristically
the distance between two consecutive maxima with a value which is not
too small. The first and the second maximum of the first components
e.g. have the distance 27 for large o and about 5.5 for small a. From
(2.2) it follows that
$1=—(1+p3()*)¢n (6.6)
The comparison theorem [17] yields, that the period of ¢4 (t) is always
less than or equal 27, and it will be the smaller the larger p3(t) is.
For short times the value of y3(t) will be governed by the value of the

initial values x3, x4, which are sampled from the distribution

plas, x4) = Z texp (—% (1+ )23 + xi)) : (6.7)

For large a the variance of f is much smaller than for small o making
shorter periods less important. Thus for large o the mean solution’s
period is about 27, while our experiments show, that for small « it is

shorter, but still longer than the approximations’ period.

e The mean solution decays the slower the larger o is:
The rate of decay is given by the fact how quickly all possible solutions
with the same z1, x5 depart from each other, which is like the period
governed by the variance of the initial values x3, z4. Thus large « yield

a much smaller rate of decay.

e First order optimal prediction oscillates faster for small o

The equations of motion

( 22 ) N < —<I>1qi2 e ) (6.8)




become asymptotically equal to ( ! ) = ( q2><2b ) for o (and there-
—2%,

fore ®1) small and ( 21 ) = < <I>£ ) for a large. Thus first order
2 —$

optimal prediction has a period of about /27 for small a and about

27 for large a.

The t-model has about the same period as first order optimal prediction:
Equation (6.1) is basically first order optimal prediction with an addi-
tional term in the right hand side, which produces decay. Unless the
decay is too fast (as e.g. for o & 2), this “damping” term is small and

hence does not influence the period much.

The t-model decays fast for moderate values of «, otherwise slowly:
Figure 10 shows the solution of the t-model for the cases a € {0.1,2,1000}.
The t-model produces a slow and “smooth” decay for small «, a very
fast decay for moderate «, and for large « the solution does at first

decay slowly and then quickly decays to 0.

I I I I I I I I =
0 10 20 30 40 50 60 70 80 90

Figure 10: solution of the t-model for different initial values
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This behaviour can be explained by the function &(t, ®), which for
every fixed t vanishes for & — 0 as well as & — oo, but has a value for

moderate values of ®.

6.3 Scaling of the Integro-Differential Equations

The effect of the convolution term in the right hand side of (2.27) and (2.34)
is much more complicated than the influence of & in the t-model.

To be able to compare the equations let us state that just setting f =0
in (2.34) produces a visible difference in the results only for « ~ 1. Thus ap-
proximations version 3 and 4 can basically be obtained by solving (2.27) with
the kernels K'® respectively K. This observation is based on numerical

experiments, supported by the fact that f(y) vanishes for y — 0 and y — 0.

Although K® and K® look very similar to K™, surpisingly the corre-

sponding solutions show a very different behaviour:

e While approximation 1 has nearly the same period as first order op-
timal prediction, approximation 3 oscillates slower, approximating the
mean solution much better for small . The period of approximation
4 is slightly shorter than the period of approximation 3, which was to
expect, because the kernel is smaller, i.e. closer to first order optimal
prediction. For large o on the other hand approximation 1 has the same
period as the mean solution, while approximations 3 and 4 oscillate too

slowly:.

e More surpising is the rate of decay. While the rate of decay of approx-
imation 1 is almost independent of o and therefore much too strong
for large «, approximations 3 and 4 decay slower for large «, i.e. they
reflect the behaviour of the mean solution — a very interesting effect

of the splitting.
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6.4 Conclusions

The mean solution oscillates and decays the slower the larger the initial values
are. Qualitatively all approximations reflect this behaviour for the period.
The approximations that arise from splitting the kernel also show the correct
behaviour for the rate of decay, while the other approximations fail to do so.

For small initial values the integro-differential equations are the closest
approximations to the mean solution. Among them approximation 3 captures
the period the best.

An almost perfect approximation for large initial values is first order
optimal prediction, all other approximations decay too fast. Among the
integro-differential equations version 1 has the correct period, but decays
much too fast, while approximations 3 and 4 decay much slower, but their

period is too large.

7 An Estimate of the Errors Produced by the
Different Approximations

As derived in section 2.4 the following identity is valid

a t
EP@-(Lt) = PR;(p(x, 1)) +/ Pl PLes@lQLa,ds, (7.1)
0

where Pp;(z,t) is the i-th component of the mean solution. The first order
optimal prediction equations can be obtained by performing the following

approximations:
e Drop the memory term fot Pelt=5)L PLesRLQ) Lads
e Interchange P and ‘R;

Let ®;(t) denote the i-th component of the solution of the first order optimal

prediction equations

() = R(D(1)), ®(0) =2 (7.2)



To estimate the error made by first order optimal prediction

we introduce the following functions:
t
u) = o+ [ PR (w5 ds (7.4)
0

Gt) = i+ /O "%, (Po(r. ) ds (75)

Both v; and (; can be approximated by Monte-Carlo sampling. (; is obtained
by applying fR; to the mean solution and approximating the integral by the

trapezidal rule. v; is approximated as follows:

e Fix & = (z1,x2) and sample & = (z3,24) N times from the conditioned

distribution given by (2.6)
e Solve N times (2.2) with inital values (%, Z)
e Apply R; to each of the N solutions, then average
e Approximate the integral by the trapezoidal rule

The error E; can then be represented as

Ei(t) = Ppi(x,t) — (1) (7.6)
= (Pyi(z,t) —i(t)) + (¥i(t) — G(t)) + (Gi(t) — Pi(t))

The three terms have the following interpretations:
o Py;(x,t) —1;(t) Dropping the memory term
o U;(t) — (i(t) Interchanging P and *R;

o (i(t) — Dyi(t) Going over to an ordinary differential equation
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For the Hald oscillator the second components of the functions above are of
interest, because Ry is nonlinear. Figure 11 shows numerical approximations
to the functions Pps(z,t),19(t),(2(t) and Po(t).

15

mean solution
__ b0

T L0

N 1% order OP
s I

1 1 1 1 1
2 4 6 8 10 12

-15
0

Figure 11: mean solution, first order optimal prediction and functions “in between”

One can observe that neither dropping the memory term nor interchanging
P and fR; produce large errors, while going over to an ordinary differential
equation changes the function significantly. In other words, none of the ap-
proximations yields a large error in one step, but putting a slightly incorrect
value back into the equations right hand side lets errors build up.

In comparison of the two approximations interchanging P and *R; yields a
smaller error than dropping the memory term. On the other hand the latter
approximation has been significantly improved by non-Markovian optimal
prediction by integro-differential equations or the t-model, giving rise to the
assertion that exacly the interchange of P and fR; is the step which prevents
better results. A similar investigation for non-Markovian optimal prediction

could clarify this issue.
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8 Conclusions

We have described how to apply the non-Markovian optimal prediction the-
ory efficiently to Hamiltonian systems, including improvements in the com-
putation of the memory kernels and generalizing Runge-Kutta methods to
numerical methods for the integro-differential equations that arise. We ap-
plied the stated methods to the Hald oscillator as a simple model problem and
performed a comparison of the different versions of non-Markovian optimal
prediction.

None of the described approximations gave overwhelming results, al-
though some approximations gave comparably good resuls for special choices
of initial values. Surpizingly an approximation based on splitting and nor-
malizing the kernel often gave better results than the version which calculates
the kernel directly. This was to observe especially for large initial values. On
the other hand an other version of splitting gave horrible results and could
even produce a blow up. Because there is no reason to prefer a priori one
splitting to an other, we draw the conclusion that splitting the kernel is a
procedure which should be avoided.

Our attempt to get an impression about the importance of the several
approximations has circumstantiated the assertion that a way has to be found
to avoid interchanging the right hand side of the first order optimal prediction

equations with the conditional expectation projection.
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