Midterm Exam
Math 8051, Fall 2017

You have 80 minutes. Good luck!
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1. [20 points| State the definitions of the following terms.

(a) compact set
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(b) A function f: X — Y is uniformly continuous

A Gunchon €2 (4 d) > (7 Q) 7% ancbormt
Lonhruowsy (£ VEZo JFo>0 ST

. c[(x'/ L)< TAs Q (?(x,)/ ‘P(KQ) T L

(c) the Cauchy-Riemann equations for a function‘ =) = fleay)
e €00y =u(x,v) 71 V(X,y)/ L b FE W, W B
Lot —rq leeedd . T4y Caac/’b/— RS tMann €9uafvoung
‘_/\:. é,_g = _a,(.( Q_Z - '9‘4

(d) the winding number n(vy,a)
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2. [24 points] True/False/Explain. State whether each of the following statements true or
false. Then explain your answer in a sentence or two. Provide a counterexample where it is
relevant. This problem does not need complete proofs — don’t spend time writing them!
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(a) There is an analytic function f: C — C whose real part is u(z,y) = 2% — 2y2.
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(b) There is a non-constant analytic function f : C — C such that Re f(z) > 0 for all z.
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(c) Let f be a continuous function on a region G. If f is holomorphic, then f has a primitive.
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(d) Let f be a continuous function on a region G. If f has a primitive, then f is holomorphic.
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3. [20 points]

(a) State the Maximum Modulus Theorem. j
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(b) The Open Mapping Theorem says that if G is a region, and f : G — C is a non-constant
analytic function, then f(G) is open in C. Use this statement to prove the Maximum Modulus
Theorem.
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4. [24 points] Let R be the “wavy ray”
R={r+iyeC:2z<0,y=sin(z)}
and let G = C \ R.

(a) Show that there is a branch of the logarithm defined on G.
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(b) Let f(2) = exp (3 log(2)), where log(2) is the branch of the logarithm from part (a). Prove

that every roofof the equation f(z) = o is simple, meaning that every zero of f(z) — o has
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(c) Sketch the image f(G), including the images of rays starting at 0 € C and the images of
circles centered at 0 € C.




5. [12 points] Let -y be the circle y(t) = 4e®, where 0 < ¢ < 27. Compute
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If you use any theorems, explain what theorem you are applying, on what region, and check that
the hypotheses hold. —-3 %3
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Hint: you can write




