Midterm Exam

Math 4061, Spring 2010

You have 1 hour and 20 minutes. Good luck!
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1. [20 points] State the definitions of the following terms.

XTE) 3 regulor

(a) regular curve

(b) normal vector to a curve in R
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(d) orientable surface

An sucfo S B omtalnbl ¥ e
T Gn atlas ot hacts Such "3{?%%’;{7}* |
all Fraasitee mops & sabsty fo%@“@m
Eouvalatty, S 3 emTalmbl (F Zpee
3 " mﬁ“’}{f‘gg&wsgy v@?}»;g% f’uéwgzgg fﬁ

nor mal vector af EZaceh g@ef?% of-3

2



2. [42 points] True/False/Explain. State whether each of the following statements is true
or false. Then explain vour answer, 1n one or two sentences. Provide a counterexample where
it's relevant. This problem does not need complete proofs ~ don't spend time writing them!

(a) The curvature of a regular curve (t) is the length of the second derivative vector v7(t).
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(b) Let C be the set of all points (z,y) such that y = v 72 4 10 es* Then there is a unit-speed
parametrization of C'.
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(c) Let ~(t) and &(t) be curves in R?, with the property that 6(f) = 2v( t) for all £, Then the

curvature at 8(t) is twice as big as the curvature at y({).
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True/False/Explain, continued.
(d) Let v : R — R® be a curve whose curvature is everywhere equal to 1 and whose torsion is

everywhere equal to 1. Then v can be moved by rigid motions to be a helix.
Recall: a helix is a spiral of the form v(¢) = (acost, asint, bt).
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(e) The paraboloid z = % + 1% can be parametrized with a single smooth chart.
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3. [18 points] Let v(#) = (% cost, 1 —sint, = cos t).

(a) Check that this is a unit-speed parametrization.
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(b) Prove that - is a circle.
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4. [20 points] Let f : R® — R be a smooth function, whose gradient vector V f={fo fy. fe)i8
&lwews non-zero. Let S be the surface consisting of all points where f(x,y, 2) = 3.

(a) Prove that at every point p = (%, 2) on S, V f is perpendicular to the tangent plane 7,5.
Hint: Consider a smooth curve ~{(t) on S, passing through p, and prove that Vf L 5 (1),
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(b) Is 5 orientable? Why or why not?
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